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LOI CAM DOAN

Toi xin cam doan day 1a cong trinh nghién citu ctia to6i dudi syt huéng dan
ciia PGS. TS. Tran Dinh Ké. Céac két qua dudc phéat biéu trong luan an la
trung thiyc va chua ting dude cong bd trong céc cong trinh clia cac tac gid

khac.

Nghién cttu sinh



LOI CAM ON

Luan an nay dugc thyc hién tai BO mon Giai tich, Khoa Toan - Tin, Truong
Dai hoc Su pham Ha Noi, dudi sy huéng dan nghiém khac, tan tinh, chu dao
cia PGS. TS. Tran Dinh Ké. Tac gid xin bay t6 long kinh trong va biét on
sau sac dén Thay, nguoi da dan dat tac gid vao mot huéng nghién cttu tuy kho
kh#n, vat vA nhung thyc sy tha vi va ¢6 ¥ nghia.

TAc gia tran trong gii 16i cAm on dén Ban Giam hiéu, Phong Sau Dai hoc,
Ban Cht nhiém Khoa Toan- Tin, Truong Dai hoc Su pham Ha Noi, dac biét
14 cic thay gigo, co gido trong Bo mon Giai tich da luon gitp da, tao diéu kien
thuan 1¢i va dong vién tac gia trong sudt qua trinh hoc tap va nghién ctu.

Tac gid xin dugce bay t6 long biét on dén Ban Gidm hiéu truong Dai hoc
Thuy Lgi, cdc dong nghiép tai Bo mon Toan hoc, Khoa Cong nghé thong tin,
Truong Dai hoc Thuy loi da luon gitp dd, tao dieu kién thuan 10i va dong vien
tac gid trong sudt qua trinh hoc tap va nghién citu.

Loi cam on sau cung, tac gia xin danh cho gia dinh, nhitng ngusi luén yéu

thuong, chia sé, dong vien tac gia vuot qua khé khian dé hoan thanh luan an.

Tac gid
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1. Lich sit van dé va li do chon dé tai

Thuat ngit hé vi phan da tri dude ding dé chi cac bai toan véi bao ham
thitc vi phan hodc cac phuong trinh vi phan (dao ham riéng) ma tinh duy
nhat nghiém ctia n6 bi pha vé. Cac hé vi phan da tri khong chi 14 mo6 hinh
tong quat clia phuong trinh vi phan ma con xuat phat tit nhiéu bai toan quan
trong, trong dé c6 thé ké dén bai toan diéu khién phan hoi da tri, bai toan
chinh quy héa phuong trinh vi phan véi phan phi tuyén khong lién tuc, cic bat
déng thitc vi bién phan. Nghién cttu dang dieu nghiém ciia bao ham thiic tién
héa trong pham vi luan an nay bao gom cac cau héi vé tinh én dinh (hodc on
dinh yéu) ctia nghiém, sy ton tai tap hat ctia hé dong lyc sinh béi tap nghiém
va cac 16p nghiem dic biet (nghiem doi tuan hoan, nghiém phan ra).

Céac bao ham thtc tién hoa trong khong gian hitu han chiéu da dudc nghién
cttu tit kha sém. Cac két qua ve tinh gidi duge va cau tric tap nghiem da dugc
trinh bay mot cach hé thong trong céc cudn sach chuyén khao [9, 32]. Tiép
theo d6, bao ham thtc tién héa trong khong gian Banach tong quéat va tng
dung ctia n6 trd thanh cht dé nghién citu c6 tinh thoi sy trong hon mot thap
ky qua. Céac cudn siach chuyén khio theo hudng nay c6 thé ké dén [42, 72].

Nghién cttu dang diéu tiém can cta nghiém 13 mot trong nhitng van de
trung tam cta li thuyét dinh tinh phuong trinh vi tich phan. Cong cu dé
nghién ctu déng diéu nghiém cia cac hé vi phan (dao ham riéng) 1a da dang
tiy theo dic trung ting he. Dbi véi cac phuong trinh vi phan thuong, 1 thuyét

on dinh Lyapunov 1 cong cu hitu hiéu dé gidi quyét van dé nay. Ngoai ra, mot



s6 phuong phap khéac nhu phuong phap so sanh (xem [58]), phuong phép diém
bat dong (xem [19]) ciing dugc sit dung. Trong khi dé, dé nghién ctu dang
diéu nghiém ctia cac phuong trinh dao ham riéng, ngusi ta thuong st dung Ii
thuyét tap hat toan cuc (xem [27]).

Cac két qua cling véi cac lude do nghién ctu dang diéu tiém can nghieém
clia cac hé vi phan thuong va phuong trinh dao ham rieng da dugc phat trien
cho cac bao ham thitc vi phan. Do tinh chat khong duy nhat nghiém ctia bai
toan Cauchy ng v6i bao ham thiic tién hoa, 1i thuyét én dinh Lyapunov khong
kha dung trong viéc nghién ctu tinh 6n dinh ctia nghiém ding. Déi véi céc
bao ham thic tién héa trong khong gian hitu han chiéu, khai niem én dinh
yéu da duge dé xuat béi Filippov nam 1988 (xem [36]) va phuong phap ham
Lyapunov cdi tién dé chiing minh tinh on dinh yéu cho bao ham thtc tién héa
da dugc trinh bay trong [2]. Dbi véi cac bao ham thiic tién hoa trong khong
gian vo han chiéu, cach tiép can thuong dugc st dung nhat 13 1i thuyét tap
hiut.

Trong vai thap ky tré lai day, 1f thuyét tap hdt toan cuc phat trién manh
mé va thu duge rat nhiéu két qua c6 tinh hé théng (xem tai lieu chuyen khao
[65]). Ddi v6i cac he vi phan da tri, li thuyét tap hat ciing tuong déi hoan thién
v6i nhiéu luge do nghién citu. Trong d6 dang cht y nhat 1a 1i thuyét tap hat
toan cuc cho ntta dong da tri dugc gidi thiéu béi Melnik va Valero nam 1998
(xem [52]) cuing véi li thuyét nita dong suy rong ctia Ball [11, 12]. Nhitng danh
gid, so sanh vé hai phuong phap nay da dugc Caraballo phan tich trong [22].
Ngoai ra con c6 li thuyét hiit qui dao duge phat trién bdi Chepyzov va Vishik
nam 1997 (xem [28]), day ciing 14 mot cong cu hitu hiéu dé nghién citu dang
dieu nghiém clia cac hé dao ham rieng ma tinh duy nhat nghiém khong dugdc
bao ddm. Tiép sau do6 li thuyét tap hat 1ui, tap hit déu cho cic he dong lyc da
tri cling duge xay dung dé lam viéc véi cac hé vi phan khong 6-t6-nom (xem

23, 24, 53]). Dic biét, trong cAc nam 2014-2015, nhiing cai tién dang ké cho 1i



thuyét tap hat da duge cong bo trong cac cong trinh [30, 41]. Nhiing két qua
mdi nhat nay tap trung vao viéc gidm nhe diéu kién vé tinh lién tuc va dua
ra tiéu chuan compact tiém can cho nia nhom/nita qua trinh dya trén do do
khong compact. Tuy nhién nhiing tiéu chuan nay khi 4p dung cho céac hé vi
phan ham con giap phai nhiéu khé khin vé miat ki thuat do khong gian pha
tuong ng c6 cau tric phic tap.

Trong luan an nay, sit dung luge do ctia Melnik va Valero, chiing toi nghién
cttu sy ton tai tap hit toan cuc cho nita dong da tri sinh béi 16p bao ham thic

vi phan ntta tuyén tinh
' (t) € Au(t) + F(u(t),us), t>0, (1)
u<3) = 90(3)7 s € [_h70]7 (2>

4 day u la ham nhan gia tri trong khong gian Banach X, u; 1a ham tré, tic 1a
ut(s) = u(t+s) voi s € [—h,0], F la mot ham da tri xac dinh trén mot tap con
cia X x C([—h,0]; X) va A: D(A) C X — X 1a mot toan t tuyén tinh thoa
man diéu kién Hille-Yosida nhung xac dinh khong trit mat, tic 1a W #+ X.

Nhu da dé cap trong [71], trong nhiéu bai toan nita tuyén tinh, thanh phan
phi tuyén nhan gia tri ndm ngoai D(A). Khi dé ta can phai nghién ctu trudng
hgp ma toan tit A khong x4c dinh trit mat. Ta c6 thé tim thay trong [31] céc
mo hinh cu thé véi toan tit A duge xac dinh khong tri mat.

Véi gia thiét toan t A xac dinh khong trit mat va théa méan dieu kién
Hille-Yosida, da c6 mot sé nghién citu vé tinh giai dugc cling nhu tinh on dinh
nghiém clia bai todn dang (1)-(2). Cu thé, cac két qua cho truong hop F 1a
ham don tri c6 trong [1, 4, 35, 71]. Trong trudng hgp bao ham thec, c6 thé ké
dén cac két qua [26, 59].

Cac két qua vé sy ton tai tap hut toan cuc cho 16p bai toan (1)-(2) chua
duge biét dén nhieu. Trong truong hgp F 1a ham don tri, dieu kién ton tai tap
hit toan cuc da duge nghién cttu trong [76] (v6i tré hitu han) va trong [18] (véi

tré vo han). Trong cac nghién cttu nay, cac tac gid dit ra hai diéu kién sau



e nita nhom sinh bdi phan tuyén tinh tréen D(A) 1a compact;
e ham phi tuyén théa man diéu kién Lipschitz.

Khi nghién cttu 16p bai toan nay, ching t6i c6 gang gidm nhe hai dicu kién
ké trén trong trudng hop tré hitu han. Cu thé, néu S’(-) 1a khong compact,
chiing toi sé gia thiét F théa man mot diéu kien chinh quy biéu dién béi do
do khong compact, diéu kién nay dude thda man néu F = F| + F, véi F; 1a
mot ham don tri c6 tinh chat Lipschitz con F» da tri va compact.

Trong vai thap ky tré lai day, cac phuong trinh/bao ham thitc tién héa bac
phan s6 da thu hat syt quan tam ciia nhiéu nha nghién ctiu bédi cac ting dung
cua ching trong viéc mo ta cac hién tugng khoa hoc, ky thuat. Cac phuong
trinh vi phan bac phan s6 dugc diing dé mo ta cac bai toan ¢ nhiéu linh vuc,
vi du nhu bai toan vé luu bién hoc, mang dién, dién héa hoc... Chi tiét hon,
ta c6 thé xem tai cac tai lieu chuyén khao ctia Miller va Ross [54], Podlubny
[64], va Kilbas va cac cong sy [44]. Gan day, do tinh tng dung ctia dao ham
bac phan s6 trong mo6 hinh héa ddng thoi véi su phét trién clia giai tich bac
phan s6, nhiéu hé vi phan bac nguyén dugc mdé rong thanh cac mo hinh bac
phan s6. Theo huéng phat trién nay, ta cé the ké t6i cac két qua tieu biéu
(57, 83, 84)].

Trong luan an, bén canh 16p bao ham thic tién héa bac nhat, ching toi
nghién citu mot 16p bao ham thitc tién hoéa bac phan s6 a € (0,1) véi muc
tieu tim ra cac diéu kién chap nhan dude cho tinh 6n dinh ctia nghiém ding.
Tuy nhién véi cac phuong trinh/bao ham thic tién héa bac phan sb, cach tiép
can cua li thuyét tap hat lai khong kha dung khi nghién cttu dang diéu tiem
can nghiem do toan tit nghiém khong c6 tinh chat kiéu nita nhom. Hon nita,
v6i cac bao ham thic tién hoéa bac phan sb, cac khai niem on dinh theo nghia
Lyapunov ciing khong thé ap dung dudc. Do d6, chiing toi dua ra khai niem
én dinh tiém can yéu ctia nghiém tam thudng khi nghién ctu dang dieu tiem

can ctia 16p bao ham thitc vi phan bac phan s6 c6 xung, véi dieu kién khong



cuc bo va tré hitu han dang

CDgu(t) € Au(t) + F(t,u(t),us), t > 0,t # tp, k € A, (3)
Au(ty) = I(u(tr)), (4)
u(s) + g(u)(s) = ¢(s), s € [=h,0], (5)

trong d6 ©Dg, a € (0,1), 13 dao ham bac phan s6 theo nghia Caputo, A 14 mot
toan tt tuyén tinh déng trong X sinh ra nita nhém lién tuc manh W(-), F :
R* x X x C([—h,0]; X) — P(X) la mot anh xa da tri, Au(ty) = u(t)) —u(ty),
ke ACN, I va g 1a cac ham lién tuc, u; 14 ham tré theo thoi gian ¢, tic 1a
ut(s) = u(t +s),s € [—h,0)].

Hé (3)-(5) 14 dang tong quét héa ciia bai todn Cauchy c6 xung (mo ta béi
(4)) va diéu kien ban dau khong cuc bo (diéu kien (5)). Trong cac mo hinh
thuc té, diéu kien khong cuc bo cho nhitng moé ta tot hon so véi dieu kien ban

dau co dien, vi duy, diéu kien

u(s) + Z ciu(t; +s) = @(s),s € [—h,0],

cho phép ta thém céac do dac tai cac thoi diém khéc thoi diém ban dau. Két
qué dau tién va ¥ nghia vat 1f cho bai todn khong cuc bo ¢6 thé xem trong [20].
Céac phuong trinh vi phan véi diéu kién ban dau khong cuc bo da duge nghién
citu béi nhiéu tac gia, dién hinh 1 cac két qua [26, 47, 48]. M4t khéc, didu kien
xung (4) duge st dung dé mo ta cac he dong lyc c6 sut thay doi trang thai dot
ngot tai mot s6 thoi diém, thudng gip trong vat li, sinh hoc, ki thuat,... Céc
két qui co ban vé phuong trinh vi phan cé xung cé thé tim thiy trong céc tai
licu [14, 46].

Gan day, mot s6 truong hop riéng clia bai toan (3)-(5) dudi dang bao ham
thitc dugc nghién cttu rong rai. Vé sy ton tai va tinh chat tap nghiém, ching ta
c6 thé ké t6i mot sd két qua tieu bicu trong céc cong trinh [25, 81, 82], trong

do, tinh gidi duge clia bai toan dude xét trén khodng compact va cau tric clia
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tap nghiem dang Rs dugc xem xét. Lop bai toan diéu khién duge ting véi bao
ham thic vi phan bac phan s6 ciing duge nghién cttu trong mot so6 bai bao gan
day nhu [66, 80]. Tuy nhién, mot trong nhitng cau hdi quan trong nhat déi véi
16p bai toan (3)-(5), d6 1a tinh 6n dinh ctia nghiém chua duge nghién citu.
Dé nghién citu tinh on dinh nghiém cho 16p bai toan nay, ching toi dua ra
khai niém on dinh tiém can yéu ctia nghiem tam thuong: Ky hieu () 1a tap
nghiém ctia bai toan (3)-(5) ting véi dieu kien ban dau ¢ sao cho 0 € 3(0).
Nghiém tam thudng ctia bai toan (3)-(5) duge goi la 6n dinh tiém can yéu néu

n6 théa man hai dieu kién

1) on dinh: v6i moi € > 0, ton tai 6 > 0 sao cho néu ||¢||x < 6 thi |jug||n <
€ v6i moi u € B(p) va t > 0,  day || - || ky hiéu chuan sup trong
C([=h, 0]; X);

2) hit yéu: v6i moi ¢ € B, ton tai u € L(p) théa man ||usllp, — 0 khi

t — 4o00.

Chiing toi nghién citu tinh 6n dinh tiém can yéu ciia nghiém tam thudng cho
hé (3)-(5) bing cach sit dung ly thuyét diém bat dong cho anh xa nén trén cac
khong gian ham phu hgp.

Trong nghién cttu dinh tinh cac hé vi tich phan, cting véi 1i thuyét on dinh,
viéc tim cac 16p nghiem dac biét, vi du nhu nghiém tuan hoan, déi tuan hoan
ciing 14 huéng nghién cttu thu hat sy quan tam ctia nhiéu nha toan hoc. Nghiém
déi tuan hoan clia ciac hé vi phan duge st dung trong nhiéu quéa trinh vat 1
(c6 thé xem trong [13, 16, 45]). Mot s6 két qua vé sy ton tai nghiém déi tuan
hoan cho cac 16p phuong trinh tién héa tuyén tinh va nita tuyén tinh da duogc
thiét 1ap, bat nguon tir cac nghién citu ctia Okochi (xem [60], [61], [62]). Theo
huéng nay, ta c6 ké t6i cac két qua tiéu biéu ctia Haraux ([38]), Liu ([49]),
Wang ([79]). Nam 2012, bang cach tiép can cia li thuyét nita nhom, Liu [50]

chitng minh dugce sy ton tai clia nghiém yéu déi tuan hoan cho 16p bai toan
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ntta tuyén tinh dang

u'(t) = Au(t) + f(t,u(t)), t € R,

u(t+T)=—u(t),t € R,

trong d6, A 1a toan tit sinh ctia mot Cp—ntta nhém c6 tinh chat hyperbolic. T
két qua nay, nhieu két qua tuong tur cho cic bai toan dang tritu tugng trong
khong gian Banach di dugc chitng minh theo cach tiép can cua li thuyét nita
nhom. Dién hinh c6 thé ké t6i cac két qua [29, 51, 56].

Tuy nhién, cac két qua tuong tu cho cdc bao ham thitc tién héa con it dugc
biét dén. Sy ton tai nghiém doéi tuan hoan cho nhitng 16p bao ham thic tién
héa theo cach tiép can ciia i thuyét nita nhém 14 mot van dé thoi su, c¢6 ¥
nghia khoa hoc va hita hen nhiéu tng dung trong cac bai toan thuc té. Dong
thoi, nghiém cé tinh chat déi tuan hoan ciing ld mot kiéu dang dieu dic biét
ctia nghiem. Do d6, trong luan an nay, st dung cich tiép can ctia li thuyét nita
nhém vd ham Lyapunov-Perron da tri, ching toi nghién citu sy ton tai clia

nghiém déi tuan hoan cho 16p bao ham thitc vi phan c6 dang da dién

u'(t) € Au(t) + F(t,u(t)), teR, (6)

w(t+T) = —u(t),t € R, (7)

trong do, F(t,u(t)) = conv{ fi(t,u(t)),..., fu(t,u(t))}, 6 day conv la ky hiéu
bao 16i déng; A 1a toan tit Hille-Yosida c6 mién xac dinh D(A) khong trit mat
sao cho A sinh ra nita nhém hyperbolic trong @ Nhu ta da biét, trong cac
bai toan diéu khién phan hdi, bién diéu khién thuong duge 1ay trong mot mién
c6 dang da dién. Ngoai ra cac hé vi phan v6i F' ¢c6 dang da dién cho phép mo
t4 tinh "khong chic chin" clia ngoai luc, vi vay, bai toan (6)-(7) la mot bai

toan c6 y nghia khoa hoc va ing dung.
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2. Muc dich — Db6i tuong — Pham vi nghién cttu ctia luan an

Muc dich cta luan an la nghién cttu tinh gidi dugc cing nhu dang diéu tiém
can nghiém ctia mot s6 16p hé vi phan da tri trong khong gian vo han chiéu
theo cach tiép can ciia li thuyét on dinh va 1i thuyét tap hut.

D6i tugng nghién citu cu thé ciia luan an la hai 16p bao ham thic vi phan
nita tuyén tinh bac mot va bac phan s6 a € (0,1). Pham vi nghién ctu cia

luan an bao gom nhitng noi dung sau:

e No6i dung 1: Nghién citu tinh giai dugce va sur ton tai tap hut toan cuc
cho 16p bao ham thic vi phan ma phan tuyén tinh sinh ra nita nhém tich

phan.

e No6i dung 2: Nghién cttu sy ton tai 16p nghiém déi tuan hoan cho céc
bao ham thtc vi phan kiéu da dién ma trong d6 phan tuyén tinh sinh ra

mot ntta nhém tich phan.

e Nb6i dung 3: Nghién cttu tinh giai dudc trén ca nita truc va tinh én dinh
yéu cho 16p bao ham thic vi phan bac phan sd c¢6 xung, véi diéu kien
khong cuc bo va tré hitu han. Dac biét trong trudsng hop don tri, chung

toi nghién citu tinh duy nhét ctia nghiém phan ra.

Cac két qua nghién cttu thu duge trén cac moé hinh téng quat sau dé dude ap
dung cho cac hé vi phan thuong cé tré va cac hé vi phan dao ham riéng trong

cac mien bi chan va khong bi chin.
3. Phuong phap nghién ciu

e Dé nghién citu tinh giai dugc ctia cac 16p bai toan phi tuyén, ching t6i sit
dung 1i thuyét nita nhém [63], phuong phap uéc lugng theo do do khong
compact va cac dinh If diém bat dong cho 4nh xa da tri nén [42, 17, 26],

két hop vdi cac cong cu clia gidi tich da tri, giai tich bac phan s6. Trong
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truong hop ching minh syt ton tai nghiém déi tuan hoan, ching toi st

dung phuong phap ham Lyapunov-Perron da tri.

e Dé nghién ctu sy ton tai tap hit toan cuc cho nita dong da tri, ching

toi st dung luge do ctia Melnik va Valero [52].

e Dé nghién cttu tinh 6n dinh ctia bao ham thtc vi phan bac phan s,

chiing to6i st dung cac dinh 1i diem bat dong cho anh xa nén.
4. Cau truc va cac két qua cua luan an

Ngoai phan M§ dau, Két luan, Danh muc cong trinh da cong bd va Tai lieu

tham khdo, luan 4n dudc chia lam boén chuong:

e Chuong 1: Kién thic chudn bi. Trong chuong nay, ching to6i nhic lai céc
két qua ve 1i thuyét nita nhom, 1i thuyét do do khong compact (MNC)
v anh xa nén, cac kién thitc vé gidi tich bac phan s6 va li thuyét tap

hit toan cuc cho nita dong da tri.

e Chuong 2: Dang diéu tiém can nghiém cia mot lop bao ham thic vi phan
ham nita tuyén tinh. Trong chuong nay, ching t6i chitng minh tinh giai
dugc va su ton tai tap hut toan cuc cho mot 16p bao ham thic vi phan
v6i tré hitu han ma phan tuyén tinh ctia né sinh ra mot nita nhém tich
phan. Két qua nay md rong cac két qua da biét tit mo hinh don tri sang
mo hinh da tri nhd st dung cac ky thuat méi vé danh gia do do khong

compact.

e Chuong 3: Nghiém déi tuan hoan ctia bao ham thic vi phan nia tuyén
tinh. Trong chuong nay, st dung phuong phap ham Lyapunov-Perron va
1i thuyét nita nhém chiing to6i ching minh dugc sy ton tai 16p nghiem doi
tuan hoan ciia bao ham thitc vi phan dang da dién, ma phan tuyén tinh

sinh ra mot nita nhom tich phan.
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e Chuong 4: Tinh on dinh yéu cia hé vi phan bac phan sé nia tuyén tinh.

Trong chuong nay, ching t6i nghién ctu moét 16p bao ham thitc vi phan
bac phan s6, c6 xung, vdi tré hitu han va diéu kien khong cuc bo. Véi 16p
bai toan nay, ching toéi chitng minh dugce tinh giai duge trén nira truc,
dua ra khai niém 6n dinh tiém can yéu va ching minh tinh én dinh tiém
can yéu cho nghiém ditng ctia bai toan. Diac biét, trong trudng hop ham
phi tuyén 13 don tri, chting toi chitng minh dudc sir ton tai va duy nhat

cia nghiém phan ra.

5. Y nghia cua cac két qua cua luan an

Cac két qua thu dude trong luan 4n gép phan lam phong pht thém huéng

nghién citu én dinh nghiém cho cac hé vi phan da tri trong khong gian Banach

tdng quat, c6 thé ap dung cho nhiéu 16p phuong trinh dao ham riéng phi tuyén

ciing nhu cac hé vi phan thudng cé tré.

Cac két qua chinh ctia luan an da dugc cong bod trong 02 bai bao trén cac

tap chi khoa hoc chuyén nganh (liét ké & muc "Danh muc cong trinh khoa

hoc clia tac gia lien quan dén luan 4n"), 02 bai da hoan thanh & dang tién an

pham. Céc noi dung chinh trong luan an da dudc bao céo tai:

1)

2)

Dai hoi Toan hoc toan qudc, Nha Trang, 2013;

Xémina ctia Bo mon Giai tich, Khoa Toan - Tin, Truong Dai hoc Su
pham Ha Noi;

Xémina To6i wu va diéu khién, Vien Toan hoc, Vien han lam Khoa hoc
va Cong nghé Viét Nam.

Xémina Li luyét dinh tinh phuong trinh vi phan, Bo mon Toan co ban,

Vién Toan ting dung va Tin hoc, Dai hoc Bach Khoa Ha Noi.

Xémina cua phong Phuong trinh vi phan, Vién Toan hoc, Vién han lam

Khoa hoc va Cong nghé Viét Nam.
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Chuong 1

KIEN THUC CHUAN BI

1.1. CAC KHONG GIAN HAM

Trong luan an nay chung to6i sit dung cac khong gian ham sau (xem [6]). Gia

st 2 1a mot tap con do dugc, bi chan trong R™.

e I7(Q),1 < p < oo, la khong gian bao gom tat cd cac ham kha tich
Lebesgue bac p trén Q. Chuan trén LP(Q) duge dinh nghia nhu sau:

1/p
Lo ey == (/Q|u|pdq:) .

Chu y rang LP(Q) 1a khong gian Banach phan xa khi 1 < p < +o0.

e 1°>°(Q) la khong gian bao gom tat cd cadc ham do dugc va bi chin hau

khéap tren € véi chuan

[ul| Lo (@) = esssup |u(z)].
A

o [P

loc

(Q),1 < p < oo, 1a khong gian cac ham khé tich Lebesgue dia phuong
bac p trén €

Lp

loc

(Q):={f:f e LP(K) v6i moi tap compact K C Q}.
Gia st (&;] - |l¢) la mot khong gian Banach. Trong luan an nay ching toi sit
dung cac khong gian ham phu thudc thoi gian sau:

e C([a,b]; ) 1a khong gian bao gom tat ca cac ham u : [a,b] — £ lien tuc

tit [a, b] vao € v6i chuan

[ullcasse) = sup [lu(t)|e-
te[0,T]
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e LP(a,b;E) 1a khong gian bao gom tat ca cdc ham u : (a,b) — & sao cho
b 1/p
|l e (a,b;6) = (/ Hu(t)||7§dt) < +o0.

1.2. Li THUYET NUA NHOM
1.2.1. Nuwa nhém lién tuc manh va cac truong hgp dac biét

Trong muc nay, ta dua ra cac khai niém co ban vé 1i thuyét nita nhém; toan
t1t sinh vA mot sd truong hop dic biet thuong gip. Cac kién thic trong muc
nay c6 thé xem trong tai licu chuyen khao [63, 34].

Gid st £ la mot khong gian Banach va £(€) la khong gian céc toan ti

tuyén tinh bi chin trén &, ta c6 cac dinh nghia sau:

Dinh nghia 1.1. Mot ho cac anh xa S(t) € L(E), 0 <t < oo, duge goi la nita

nhém trén £ néu n6 théa man:
(i) S(0) =1, I 1a phép dong nhat trén &,
(ii) S(t+s)=S(t)S(s) v6i moi t,s > 0.

Dinh nghia 1.2. Mot toan tit tuyén tinh A dugc goi & toan ti sinh clia nita
nhom {S(¢)}+>0 néu né duge xac dinh boi:

Az = lim 2HT =T
t—0 t

véi moi x € D(A), trong d6 D(A) la mién xac dinh ctia A:

S(t)x

% ton tai }.

D(A) ={zx €& :lim
t—0

Dinh nghia 1.3. Nita nhém {S(¢)};>0 dugc goi la nita nhom lién tuc manh
(Co-nita nhém) néu

lim S(t)z = =,

t—0

v6i moi x € €.



17

Dinh 1i sau day cho ta mot diéu kién can dé toan t tuyén tinh A sinh ra
mot Cp-ntta nhom:
Dinh 1i 1.1. Todn ti sinh ciia mot Cy-nida nhém phdi la mot todan ti tuyén
tinh dong va xac dinh tru mat.

Vi du. Xét € = Cp(RY) = {f : RT - R : ||f]| = sup |f(s)] < oo} la

seRt
khong gian cac ham lién tuc bi chin trén RT. Ho toan tit {S(¢)}+>0 duge xéc

dinh nhu sau:
S(t):£E—=E&
(S f)(s) = f(t+s), s€RT.
Khi d6 {S(¢)}+>0 1a mot Cp-nita nhom va toan ti sinh cia né 1a toan tit dao
ham
Af(s) = f'(s),
v6i mién xac dinh D(A) ={f € £: f kha vi va [’ € £}.
Dinh 1i 1.2. Gid st {S(¢)}+>0 la mot Co-nita nhém. Khi dé ton tai cdc hang
s6 w>0wva M >1 sao cho
1S(t)|| < Me¥*t, vdi moit > 0.
Khi do
e Néu w < 0 thi ntta nhém {S(¢)};>0 duge goi la 6n dinh mii.
e Néu w <0, M =1 thi nita nhém {S(¢)}+>0 dudc goi la nita nhém co.
Dinh 1i sau day cho ta diéu kién can va di dé mot toan t& tuyén tinh sinh ra
Co—ntta nhém.

Dinh 1i 1.3. Mot todn tid tuyén tinh A trén khong gian Banach € la todn ti
sinh ciia mot Co—nita nhém {S(t)}1>o théa man ||S(t)|| < Me*! vdi cdc hing
s0 M >1,w € R va vdi moit >0 néu va chi néu hai dieu kién sau duoc théa

man:
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1) A la todn ti tuyén tinh déng vdi mién xdc dinh D(A) tru mat trong &;

2) Tap gidi p(A) chita tap {\ € C : ReX > w} va todn ti gidi R(\, A) =
(M — A)~1 théa man dieu kien Hille- Yosida:

|IR(N, A" < VOt A >a van=1,2,..

M
(A —w)m’
Dinh nghia 1.4. Cho {S(¢)}:>0 & mot Cp-nta nhém trén £. Nita nhém
{S(t)}i>0 dugc goi la:
(a) ntta nhém lién tuc theo chuan néu anh xa t +— S(t) lién tuc tai moi t > 0

theo chuan trong L(&);

(b) nita nhém kha vi néu véi mdi x € £ thi 4nh xa t — S(t)z kha vi tai moi

t > 0;
(c) nita nhom compact néu S(¢) 1a toan tt compact v6i moi ¢t > 0.

Ta biét rang néu nita nhom {S(¢)}+>0 1a kha vi hodc compact thi né lien
tuc theo chuan (xem [34]).
m

Dinh nghia 1.5. Xét As ={z € C:|argz| <}, v6i0 < < 5

Ho {S(2)}.en,ug0r C L(E) duge goi 1a nita nhém giai tich néu
(1) S(0) =I;
(1i) S(z+2") = 5(2)S(2), v6i moi z, 2" € As;
(7i7) z +— S(z)x lién tuc tai moi z € As, v6i x € &;
(iv) z +— S(z) la ham giai tich trong Agy.
Cubi cung, ta dua ra khai niem ntta nhém hyperbolic.

Dinh nghia 1.6. Nita nhém {S(¢) }+>0 trén € duge goi 1a nira nhém hyperbolic
néu &£ c6 thé viét duge dudi dang tong truc tiép € = & @ &, cla hai khong
gian con dong va {S(¢)}+>0—bat bién, sao cho han ché {Ss(¢)}¢>0 trén & va
{Su(t)}+>0 trén &, clia {S(¢)}i>0 thoa man
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(i) Ntta nhém {S,(t)}+>0 12 on dinh mi trén &;

(i) Toan tit S,(t) la kha nghich trén &, va {S,(t)"!}i>0 12 on dinh ma déu

trén &,.

Ta da biét rang (xem [34]), mot nita nhém lien tuc manh {S(¢)}:>0 1a
hyperbolic néu ton tai phép chiéu P € L(£) giao hoan vé6i {S(¢)}+>0 sao cho
Es = RgP, &, = KerP. Hon nita, ton tai cac hing s6 N, > 0 sao cho

1S5 (1) Pa|| < Ne~®||z|, ¥t > 0,z € &, (1.1)

1S, ()Qx|| < Ne®t|jz||,Vt <0,z € &, (1.2)

6 day Q = I — P. Dac biét, trong truong hgp P = I thi nita nhém hyperbolic
chinh 14 nita nhém 6n dinh m.

Chiing ta c6 mot diéu kien can va dit dé {S()},5, 1a mot nita nhom hyperbolic
d61a o(S(t))NT =0 v6i moi ¢t > 0, trong d6 T' = {z € C: |z| = 1} (xem [34]).
Chi tiét hon vé dic trung pho clia tinh hyperbolic, c6 thé xem trong [34].

1.2.2. Nuwa nhom tich phan

Trong muc truéc, ta da dé cap dén 1i thuyét Cp—nlta nhém, mot cong cu
manh dé nghién ctu cac phuong trinh tién héa. Tuy nhién, trong nhiéu tinh
hudng, 1i thuyét Co—nita nhém khong kha dung. Vi du, toan t Schrodinger
A = iA sinh ra mot Co—ntita nhém trén L?(R™) véi mién xac dinh D(A) =
H?(R")NC?(R™), tuy nhién, trén cac khong gian LP(R™) véi p # 2, Hormander
[39] da chitng minh ring A khong sinh ra Cp—nita nhom.

Ngoai ra, trong cic bai todn xac dinh bdi hé vi phan khong thuan nhét,

ham ngoai Iitc c6 thé nhan gid tri ndm ngoai D(A). Vi dy, ta xét bai toan
Cauchy

u'(t) = Au(t) + f(t),  t=0,

u(0) = =z,
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& d6, ham f nhan gia tri trong khong gian Banach X chita D(A) nhung khong
trung véi W Khi d6, A khong xac dinh tru mat trong X nén né khong sinh
ra Cp— nita nhéom trén X. Lic nay, ta can mot khai niem méi cho phép bieu
dién nghiém cua bai todn nay.

Ta sé trinh bay ¢ muc nay khai niém nita nhém tich phan va cac tinh chat
clia n6. Dé tim hiéu chi tiét hon vé nita nhom tich phan, cé thé tham khao céc

tai lisu [7, 43, 55, 70, 71].

Dinh nghia 1.7. Mot nita nhém tich phan 14 mot ho {S(¢)}i>0 céc toan ti

tuyén tinh bi chin trén £ théa man cac tinh chat:

(ii) t — S(t)v lien tuc v6i moéi v € &;
(iii) S thv = [, (St +7)— S(r))vdr, véi moi ¢,5 > 0, v € £.

Ntta nhém tich phan dugce goi 1a khong suy bién néu tut S(t)v = 0 v6i moi
t > 0 kéo theo v = 0.

Nhan xét 1.1. Néu {T(t)}+>0 la mot Co—nita nhém trén khong gian Banach
E thi {S(t) fo s)ds}i>o la mot nita nhom tich phan trén £.

Dinh nghia 1.8. Toan tit A dugc goi la toan t1t sinh ctia nita nhém tich phan

{S(t)}+>0 trén € néu ton tai w € R sao cho (w,+00) C p(A4) va
+oo
R\ Aw= (M —A)tv=2)\ / e MS(t)vdt
0
v6i moi A > w vamoiv € €£.

M&i lien hé gitta nita nhém tich phan va toan tit sinh ctia né duge thé hien
trong ménh dé sau (xem [7, 8]).

Ménh dé 1.1. Cho A la todn tit sinh ciia nita nhém tich phan {S(t)}i>o. Khi
do
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1) voi moix € & vat>0:
t ¢
/ S(t)xdr € D(A) va S(t)x = A(/ S(r)zdr) + tw;
0 0

2) vdi moi x € D(A); t>0:
S(t)x € D(A), AS(t)x = S(t)Ax,

V4

¢
S(t)x = / S(T)Axdr + tx;
0

3) R(\, A)S(t) = St)R(N, A), vdi moit >0, > w.
Dinh nghia 1.9. ([43]) Nia nhom tich phan {S(¢)}:>¢ dugc goi la lien tuc
Lipschitz dia phuong, néu véi moi 7 > 0, ton tai hdng s6 L(7) > 0 sao cho

1S(t) — S(s)llceey < Lt — s, véi moi t,s € [0, 7].

Ta da biét rang (xem [43]), mot nita nhém tich phan lien tuc Lipschitz dia

phuong la bi chan mi.

Bé6 dé 1.1. ([43]) Cdc meénh dé sau tuong duong:

(i) A la todn ti sinh ciia mot nita nhém tich phan khong suy bién, lién tuc

Lipschitz dia phuong;

(11) A théa man diéu kién Hille-Yosida, tic la, ton tai M > 0 va w € R sao

cho (w,+00) C p(A) va

sup{(A — w)"[|(M — A) "[|z@y:n e NJA>wh < M.

Ta da biét rang (xem trong [43]) néu {S(t)}+>0 1a mot nita nhém tich phan
sinh bdi mot toan ti Hille-Yosida A, thi v6i mdi v ¢6 dinh, toan t S, : RT™ — X

v6i S, (t) = S(t)v 1a kha vi, v dao ham clia n6 1a toan tit S/ : Rt — D(A)
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v6i S (t) = S'(t)v. Hon nita, ho céac toan ti {S’(t) }+>0 1& mot Cp-nita nhéom

tren D(A) sinh béi thanh phan Ag cia A, duge dinh nghia bdi

D(Ap) ={ve D(A): Av e D(A)},

Agv = A’U, v6i v € D(AO)

Vi du. Xét toan tit A = _di trén khong gian X = C([0, 1]) (khong gian cac
x
ham lién tuc trén [0,1]) véi D(A) = {u € C1([0,1]) : u(0) = u(1) = 0}. R&

rang D(A) 1a khong gian con thyc sy ciia X tic 1a A khong xac dinh trit mat.

Vi A >0vave X tacd

R\, A (z) = /Om e Mu(x — y)dy,x € [0,1].

Do do
X 0 1
RO AW < ol [ ey < [ ey = ls.
Tu do
1
RN, A)llx) < %

Bat dang thiic cudi suy ra A théa man diéu kien Hille-Yosida va do d6 né sinh
ra mot nita nhom tich phan trén X. 0 day, A sinh ra mot Cy—nita nhém trén

Col0,1] = m

Ménh dé 1.2. ([43, 71]) Cho {S(t)}i>0 la mot mita nhém tich phan lién tuc
Lipschitz dia phuong trén € va f : [0,T] — € la mot ham khd tich Bochner.
Khi d6 ham V : [0,T] — &, vdi

la kha vi lien tuc va
t
IV ()]l < 2Lz / 1£(s)]ds

vdi moi t € [0,T], trong dé Lt la hang sé Lipschitz cia S trén [0,T)].
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Ngoai ra, ta cing c6 (xem [71])

1])
R(X /S’t—s (A, A) f(s)ds.

do do
V'(t) = lim S (t —s)AR(N, A) f(s)ds,

A—00 0

do /\hm AR(X, A)v = v v6i moi v € D(A).

— 00

Stt dung 1f thuyét nita nhém tich phan, Thieme [70] d& nghién citu bai toan
Cauchy

u'(t) = Au(t) + f(t), teJ=10,T], (1.3)
u(0) = uyg, (1.4)

trong do6 f € L'(J, X) vaug € D(A) cho trudc, tit d6 dua ra khai niém nghiem

tich phan va dinh 1i ton tai duy nhat nghiém tich phan ctia bai toan.

Dinh nghia 1.10. Ham v : J — D(A) dugc goi 1a mot nghiem tich phan cia
bai toan (1.3)-(1.4) néu u € C(J; X),u(0) = ug va

t

u(t) = S’ (t)u(0) + AETOO S'(t —s)AA — A" f(s)ds,t € J.

Dinh 1i 1.4. Néu A la todn t sinh ciia mot niéa nhom tich phan thi ton tai
duy nhat mot nghiém tich phan u = u(-, ug, f) ctia bai todn (1.3)-(1.4) vdi moi
feLl(J;X),uy € D(A).

1.3. PO DO KHONG COMPACT (MNC) VA CAC UGC LUGNG bO PO

Trong muc nay, ching toi dua ra cic khai niem va mot s6 danh gia, udc luong
co ban thudng dung cho do do khong compact. Chi tiét hon, c6 thé xem trong
3, 42].

Xét (&5 - |le) 1& mot khong gian Banach. Ky hiéu

° 'P(S)Z{AngA?é@},
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o B(E)={A € P(E): Abichan},
o K(§)={A€P(&): A compact },
o Ku(€) = {A€K(E): Aldi}.

Dinh nghia 1.11. Ham 38 : B(§) — R* dugc goi 1a do do khong compact
(MNC) trong £ néu

B(c0 Q) = B(Q) véi moi Q € B(E),
trong d6 ¢o Q 13 bao 16i déng cua . Do do 8 dude goi la:
i) don dieu néu Qg, Q1 € B(E), Qo C Q1 kéo theo B(Qg) < B(21);
ii) khong suy bién néu S({a} U Q) = B(N) v6i mdi a € £,Q € B(E);

iii) bat bién véi nhiéu compact néu (K U Q) = 3(Q) v6i moi tap compact
tuong doi K C € va Q € B(€);

iv) nita cong tinh dai s6 néu 5(Q + Q1) < B(Qo) + B(Q1) v6i mbdi N, 2y €
B(E);

v) chinh quy néu 3(Q2) = 0 tuong duong vé6i tinh compact tuong déi ctia €.

Mot vi du quan trong ctia do do khong compact 1a do do Hausdorff x(-),

dugc dinh nghia nhu sau
x(Q) =inf{e > 0: Q c6 e-lu6i hitu han}.

Ngoai cac tinh chat da néu trong dinh nghia trén, do do Hausdorff c6 thém

cac tinh chat sau:
e tinh nita thuan nhat: x(tQ) < [t|x(Q) v6i moéi Q € B(E) vat € R;

e tinh Lipschitz: |x(20) — x(21)| < du(Q0, 1), v6i moi Q, 2y € B(E) va
dp 1a khoang cach Hausdorff gitta hai tap hop;
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e néu £ 1a mot khong gian Banach tach duge thi x(Q) = lim sup d(z, &),
m—00 Q)
trong do6 {&,,} 1a mot day cac khong gian con hitu han chiéu ctia £ ma

Em CEmpm=12,..va | ] En=¢.
m=1

Dya vao do do Hausdorff x, ta dua ra khai niém d¢ do roi rac xo nhu sau:

xo0(2) = sup{x(D) : D € A(Q)},

trong d6 A(Q) 1a ho tat ca céc tap con khong qua dém duge ctia Q (xem [3]).

Ta c6

1

§X(Q) < x0(92) < x(Q),

v6i moi tap bi chin Q C E. Khi d6, ta c6 tinh chat tinh chat sau:

Meénh dé 1.3. Xét x la do do Hausdorff trong £ va Q C & la mot tap bi chan.

Khi dé, vdi moi € > 0, ton tai mot day {x,} C Q sao cho

(@) < 2x{a}) +e.

Dinh nghia 1.12. Néu J = (a,b) va Q C LY(J;€) théa man diéu kién: véi
moi f € Q.|| f(t)|| < v(t) hau khdp t € J, véi v € LY(J) := L*(J;R), thi ta

no6i rang © 14 mot tap bi chin tich phan.

Ménh dé 1.4. [{2] Néu {w,} C L*(J;&) la bi chan tich phdn, thi

t

(o)) =2 [ it

vor t € J.
Ap dung Menh dé 1.3 va Ménh dé 1.4, ta ¢6 menh dé sau day.
Ménh dé 1.5. Gid si D C L'(J;E) théa man

1) D bi chan tich phan;
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2) x(D(t)) < q(t) vdi hau khap t € J,

trong dé q € L*(J). Khi dé

o [ sy <1 [ oty
¢ day f(f D(s)ds = {fot £(s)ds : £ € D}.

Chatng minh. V6i € > 0, ton tai mot day {&,} C D sao cho

X(/Ot D(s)ds) < 2)(({ /Ot fn(s)ds}) + €,

do Menh dé 1.3. Ap dung Menh dé 1.4, ta c6
t t
o[ D) <1 [ x(tuhis +e
0 0
t
< 4/ q(s)ds + e.

0

Do € 1a bat ki, ta c6 diéu phai chitng minh. O
Cac udc lugng sau day sé duge dung trong Chuong 3.

Ménh dé 1.6. 1) Néu {w,} C Li (R;E) bji chan tich phan thi ta cé

loc

X({ /_too wn(s)ds}) < 2/—; x({wn(s)})ds, wditeR, (1.5)

V4

400

X({ /t+oown(3)ds}) §2/t x({wn(s))ds, wvditecR.  (1.6)

2) Gid st D C L, (R;E) théa man

(a) D bi chdn tich phan,

(b) x(D(t)) < q(t) hau khap t € R,
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trong dé q € L} (R;R™"). Khi dé

X(/_; D(s)ds) < 4/_; q(s)ds, (1.7)

va
400

+oo
X( t D(S)dé‘) < 4/t q(s)ds, (1.8)
¢ day [ D(s)ds={['__¢&(s)ds: €€ D}.

Chiing manh. 1. Tt Meénh dé 1.4, ta c6

(]

t

wn(s)ds}) < 2/}; x{wn(s)})ds, v6i moi h € R.

Vay,

t

¢
<9 I o .
hgmoox({/h wn(s)ds}) <2 hgriaoo : x({wn(s)})ds, v6i moi h € R

Do tinh chat Lipschitz ctia do do Hausdorff, ta c6

t

(] o)) ([ i)

<dn( | {wn(o)}ds, | {wals)}ds)

< {supa( [ wnos [ fwa(oas);

1

supa( | unlsyis: [ (un(e)as)

t
<sup|l [ wa(s)ds - / wa(5)ds|
ha

n hy
ho
< sup | wy (s)ds||
n h1

ha
§/ v(s)ds, véi v € L, (R).
h

1

Do v € Lj, (R;RT), ta thu dugc |x( {f,i5 wp(s)ds}) — {fh wp(s)ds})| — 0
khi |hy — ho| — 0. Ttic 1a hm X {fhwn (s)ds}) = {f (s)ds}).
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Mgt khdc, lim [ x(wn(s)})ds = 1 x({wn(s)})ds. T d6 ta c6 (1.5). Li
——00
luan tuwong ty, ta thu duge (1.6).

2. Ap dung Menh dé 1.3, ta c6, véi € > 0, ton tai day &, € D thoéa méan

X(/—too D(s)ds) < 2x({ /_too fn(s)d8}> + €,

Ap dung (1.5) cho danh gia nay, ta thu dugc
t ¢
([ psjs) <4 [ et has +e
t
< 4/ q(s)ds + e.

— 00

Do € la bat ky, ta ¢6 (1.7). Li luan tuong ty, ta thu duge (1.8). O

Dé két thic muc nay, ta dinh nghia y-chuan ctia mot 4nh xa tuyén tinh bi

chan 7 (T € L(€)) (xem [3]):
| Tl =1nf{8 > 0: x(T(B)) < Bx(B) véi moi tap bi chan B C £}. (1.9)
Ta biét ring x-chuan ctia 7 dugc tinh bdi cong thiic

171 = x(T(B1)) = x(T(81)),

trong d6 By va Sy tuong tng 1a hinh cau don vi vd mat cau don vi trong &.
Ta ciing c¢6 két qua

1Tl < 1Tz ey

vl || T zce) 1a chuan toan ti trong £(€). RG rang, T 1a toan tit compact néu

va chi néu |7, = 0.

1.4. ANH XA NEN VA CAC DINH Li PIEM BAT DONG CHO ANH XA
DA TRI

Li thuyét diém bat dong cho anh xa nén la cong cu co ban dé ching minh su

ton tai nghiém cho céc bai toan dé cap trong luan an nay. Chi tiét hon vé anh
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xa nén va cac dinh li diém bat dong cho anh xa nén, c6 thé xem trong [42, 3].

Truée tién, ta nhiac lai mot s6 khai niém ctia gidi tich da tri.

Dinh nghia 1.13. Cho Y la mdt khong gian metric, anh xa da tri F : Y —
P(E) duge goi la:

(i) nia liéen tuc trén néu F- 1 (V) = {y € Y : F(y) NV # &} 1a mot tap
déng trong Y véi méi tap déong V C &;

(ii) nta lién tuc trén yéu néu F (V) 1a tap déng trong Y véi moi tap déng

yeuV C &;
(iii) dong néu do thi 'z = {(y,2) : z € F(y)} 1a mot tap dong trong Y x &;
(iv) compact néu d&nh F(Y') la tién compact trong &;
(v) tua compact néu han ché clia n6 trén méi tap compact A C Y 1a compact.

B6 dé 1.2. [{2, Dinh li 1.1.12] Gid st G : Y — K(E) la mot danh za da tri

dong, tua compact. Khi do, G la nia lién tuc trén.

Bo6 dé 1.3. [17, Ménh dé 2] Cho £ la mot khong gian Banach va Q la mot tap
con khdc rong ciia mot khong gian Banach khdc. Gid sit rang G : Q — P(€)
la mot danh xa da tri nhan gid tri 10i compact yéu. Khi dé, G la nia lién tuc
trén yéu néu va chi néu {r,} C Q, x, — 29 € Q va y, € G(z,) kéo theo

Yn — Yo € G(20).

Dinh 1i diém bat dong sau day la mot truong hop dac biét ctia két qua
trong [37].

Bo dé 1.4. Gid st E la mot khong gian Banach va D C E la mot tap con
khdc rong, compact va loi. Néu todn ti da tri F : D — P(D) la déng vdi gid

tri 10i va dong, thi F co diém bat dong.
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Dinh nghia 1.14. Anh xa lien tuc F: Z C £ — & duoc goi la mot anh xa

nén theo do do B (S-nén) néu véi tap bi chan Q C Z, ma

B(Q) < B(F())
sé kéo theo tinh compact tuong déi ctia Q.

Véi B 1a mot do do don diéu, khong suy bién trong &, ting dung cia i

thuyét bac topo cho anh xa nén (xem [3, 42]), ta c6 dinh 1f diém bat dong sau.

Dinh 1i 1.5. /{2, Hé qud 3.3.1] Gid sit M la mét tap con loi, déng, bi chan
cia € va F : M — P(M) la mot anh xa dong va B-nén. Khi dé Fix(F) =
{z € F(x)} la mot tap compact khac rong.

1.5. TAP HUT TOAN CUC CHO NUA DONG DA TRI

Trong muc nay, ta nhic lai cac khai niem vé nita dong da tri va tap hat toan
cuc cho nita dong da tri theo luge d6 ctia Melnik va Valero (xem [52]). Gia st
I' 1a mot nita nhém con khong tam thudng ciia nita nhém cong tinh céc s6

thue Rva I'y =1'N 10, 00).

Pinh nghia 1.15. Anh xa G : T, x £ — P(€) dugc goi 1a mot nita dong da

tri néu cac diéu kién sau dugc théa man
1) G(0,w) = {w}, v6i moi w € £.
2) G(t1 +to,x) C G(t1,G(t2,x)), v6i moi t1,to € 'y, x € &,

trong d6 G(t,B) = U,epG(t,z), B C £.

Ntta dong da tri duge goi 1a ngat néu G(t1 + to,w) = G(t1, G(t2,w)) v6i moi
w e Evaty,ty € I'y. G duge goi la bi chan chung cudc néu véi moi tap bi chan
()(B) 1a bi chan. O day, 77 (B) la

tap cac quy dao sau thoi diem T'(B) : fy;E(B)(B) = U G(B).
t>T(B)

B C &, ton tai s6 T(B) > 0 sao cho . (B)(
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Dinh nghia 1.16. Mot tap bi chin B; C £ dugc goi 1a mot tap hap thu cia
ntta dong da tri G' néu v6i méi tap bi chin B C &, ton tai 7 = 7(B) > 0 sao
cho V:T(B)(B) C B;s.

Dinh nghia 1.17. Tap con A C £ dugce goi la tap hat toan cuc cua nita dong
da tri G néu né thoéa man cac dieu kién sau:

1) A huat moi tap B € B(E), nghia la dist(G(t,B),A) — 0 khi t — oo,
v6i moi tap bi chin B C &, trong d6 dist(-,-) ki hiéu nita khoang cach
Hausdorff ctia hai tap con trong &;

2) A la nita bat bién am, tic la A C G(t,A),Vt € ',

Dinh Ii sau day cho ching ta mot diéu kien di dé ton tai tap hat toan cuc

ciia mot ntra dong da tri G.
Dinh i 1.6. [52] Gid st nita dong G théa man cdc tinh chat:

1) G(t,-) la nita lién tuc trén va cé gia tri dong véi moit € T'y;

2) G tin za diém, tic la ton tai K > 0 sao cho vdi w € E,u(t) € G(t,w),
thi lu(t)]le < K vdit > to(|lwlle);

3) G la tiem cin trén nida compact, tic la néu B la mot tap déng trong €
sao cho vdi T(B) > 0,7;(3)(B) bi chan, thi moi day &, € G(ty, B) vdi
t, — 00 la tién compact trong &.

Néu G la bi chan chung cudc, thi né chia mot tap hit toan cuc compact A

trong £. Hon nita, néu G la mot nida dong ngdat, thi A la bat bién, tic la
A=G(t,A) véi moit e Ty.

1.6. GIAI TICH BAC PHAN SO
1.6.1. Pao ham va tich phan bac phan so6

Xét L1(0,T; €) 1a khong gian cac ham kha tich trén khoang (0,T), theo nghia

Bochner.
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Dinh nghia 1.18. Tich phan bac a > 0 ctia ham f € L'(0,T;€) duge xac
dinh bdi
I .
I3 f(t) = — t—s5)*" d
Of() F(OZ)/O( S) f(S)S

trong dé6 I' 1a ham Gamma.
Dinh nghia 1.19. Xét ham f € CV([0,7];€), dao ham bac a € (N — 1,N)
theo nghia Caputo dugc xac dinh bdi

1 ‘ _SN—a—l(N)SS
)/0<t JN=a=1 () ().

“D§f(t) = (N —a)

Chu ¥ rang, c¢6 nhiéu khai niem dao ham bac phan s6 khac nhau, nhung
hai dinh nghia theo kiéu Riemann-Liouville va Caputo la dugc st dung rong
rai nhat.

V6i u € CN([0,T]; ), ta c6 tinh chét

“DgI§u(t) = ult),

N—

;_\

u(k

1§ © Dfuf

k=0

1.6.2. Cong thitc nghiém cho bai toan véi phuong trinh vi phan bac phan s

Giad st (X, ]| - ||) 1& mot khong gian Banach. Xét bai todn Cauchy véi phuong

trinh vi phan bac phan s c¢6 xung

CDSu(t) = Au(t) + f(t), t # t, tx € (0,400), k € A, (1.10)
u(ty) —ulty) = In(u(ty)), (1.11)
u(0) = up, (1.12)

trong d6 A 1a toan ti tuyén tinh déng trong X sinh ra nita nhém lién tuc
manh W (-) théa man |W (t)z|| < Ma|z||,Vt > 0,2 € X. O day, ta xét A C N,

f€LP0,T;X) véip> <, con Ij 1a cac ham lien tuc.
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Vé6i a € (0,1), ap dung bién ddi Laplace cho phuong trinh (1.10), ta thu

dugce
1 —a / L
T =) O+ w]0) = ALRIQ) + £If1Y),
do “Dyu = ﬁ(-)_o‘ xu', & day L[] 1a bién d6i Laplace cho cdc ham gia
—«
tri véc to, ta co
1 I'(a- a) v
kT A )
Ty A LI = 2 e D —u(0) = ALY + £

Vay

Llu](A\) = A>T (AT — A)~!

F AT AT = A7) e ML 4+ (AT = A)TIL[f](A). (L.13)
kel

Dat S, (t) va P, (t),t € RT, 1a cac toan tit théa man

L[S](A) = X T(\*T — A)~ 1, (1.14)
LIC)*TTP)(N) = (AT = A)7h (1.15)
Thay vao (1.13) ta c6
L)) = LISa] (Vo + 3 LISal (e 1)
k>1
+ LIC)* PN LI (1.16)

Ap dung céc tinh chit ctia phép bién ddi Laplace (vé tinh tién va tich chap),

ta thu ducc

0<trp<t

+/O (t —8)* " Py(t —s)f(s)ds,t > 0.



34

Biéu dién cu thé ctia S, va P, dudc dua ra trong [84]:

(t)x = /00 G ()W (t40)zdl, (1.17)
t)xr = a/ O (0 *0)xdo, (1.18)

vOi ¢, 13 ham mat do xac suat trén khoang (0,00), tic 1a, ¢.(0) > 0 va

Jy" #a(0)d0 = 1. Cu thé, ¢, dugc xac dinh béi

Ga(0) = 2071 (07%),

Q

>1

l i n le—an—lr(na + 1) :

o sin(nra).
Theo [84], ta c6 cac uéc lugng sau cho S, (t) va P, (t):

[Sa(t)a]l < Mallz, (1.19)

|Pa(t)a] < lf‘f el v € X. (1.20)
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Chuong 2

DANG DIEU TIEM CAN NGHIEM CUA MOT LGP BAO
HAM THUC VI PHAN HAM NUA TUYEN TINH

Trong chuwong nay, chiing t6i nghién citu hé dong lyc sinh bdi moét 16p bao
ham thic vi phan ma thanh phan tuyén tinh sinh ra mot nita nhém tich phan.
0 day, ching téi sit dung cac ki thuat uéc luong cho do do khong compact dé
chitng minh tinh giadi dudc toan cuc va sy ton tai tap hit toan cuc cho nita
dong da tri sinh béi he. Két qua nay ctia chiing toi 1a st tong quat héa mot sd
két qua gan day da thiyc hién cho mo6 hinh don tri.

Noi dung ciia chuong nay diya trén bai bdo s6 2 trong Danh muc cong trinh

khoa hoc ciia tac gid lien quan dén luan an.
2.1. DAT BAI TOAN

Véi (X, -||) 1&a mot khong gian Banach, ching t6i nghién citu 16p bao ham

thitc tién hoa sau

' (t) € Au(t) + F(u(t),us), t>0, (2.1)

u(s) = p(s), se[—h,0], (2.2)

¢ day u 1a ham nhan gié tri trong X, uy 1a ham tré, tic 1a us(s) = u(t+s) véi s €
[—h, 0], F' 1a mot ham da tri xac dinh trén mot tap con ctia X x C([—h,0]; X).
Trong chuong nay, ching ta xét A : D(A) € X — X 1a mot toan ti tuyén
tinh théa man diéu kién Hille-Yosida v6i mién xac dinh khong trit mat, sinh

ra ntta nhém tich phan {S(¢)}i>0 -
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2.2. SU TON TAI NGHIEM TiCH PHAN

Trong muc nay, ta chitng minh sy ton tai nghiém tich phan ctia bai toan trén

doan [0; 7] v6i VT > 0. Ky hiéu

P.(X)={D e P(X):D latap dong},

Ch = {p € O([=h,0;; X) : p(0) € D(A)},

Co={v:J = D(A), v € C(J, X),0(0) = p(0)}.
Véi v € Cy,, ta ki hieu v[p] € C([—h,T]; X) la ham xac dinh nhu sau

v(t) néut e [0, T
ey = e
©(t) néu t € [—h,0].

Dé chitng minh sir ton tai nghiém tich phan ctia bai toan, ta gia thiét

(A) Todn tii A théa man diéu kién Hille-Yosida, sinh ra nita nhém tich phan

{S(t)}+>0 va dao ham cia né la Cy-nida nhom {S'(t)}i>o trén D(A) lién

tuc theo chuan.

D6i v6i thanh phan phi tuyén ctia bai toan (2.1)-(2.2), ta gia thiét

(F) Ham da tri F': D(A) x C, = P.(X) théa man:

(1) F la mia lien tuc trén vdi gia tri compact yéu, 10i;
(2) |1F(z,y)l| == sup{||€]| : € € F(z,y)} < allz| +blylle, + ¢, vdi moi

v e D(A), y € Ch, ¢ day a,b,c la cic hang s6 khong am;

(3) néu{S'(t)} khong compact, thi x(F(B,C)) < px(B)+q up x(C(1)),
te|—h,

vdi moi B C D(A),C C Cp, ¢ day p,q € RT.
Dat
Pr(v) ={f e L'(J;X): f(t) € F(v(t),v[¢]:), hau khip t € J},

két qua sau duge chiing minh nhu trong [17, Dinh 1i 1].
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Meénh dé 2.1. Gid st (F)(1) — (F)(2) théa man. Khi dé Pr(u) # 0 véi moi
u € Cy,. Hon nia, Pp : C(J;X) — P(L'(J; X)) la nida lien tuc trén yéu vdi

gid tri compact yéu, 10i.
Ta ¢6 dinh nghia nghiém tich phan ctia bai toan (2.1)-(2.2).

Dinh nghia 2.1. V6i moéi ¢ € Cp, cho truée, mot ham w : [—h,T] — X dugc
goi 1a mot nghiém tich phan ciia bai toan (2.1)-(2.2) trén [—h, T] véi dieu kien
ban dau ¢ néu ton tai f € Pr(u) sao cho
S (t)(0) + lim [} S'(t —s)MA — A)~Lf(s)ds,t >0,
u(t) — A—+o0 0
(;O(t)at € [_h7 O]

Bay gig, ta xac dinh toan tit da tri F : C, — P(C,) nhu sau
F)(t) = {8/ @e0) + WO+ 1 € Pelo) |

trong do6

t
W(f)(t) = lim S'(t — $)MN — A)~ L f(s)ds,t > 0. (2.3)
Khi dé, v € C, 1a mot diém bat dong ctia F khi va chi khi v[y] 13 mot nghiem

tich phan cta (2.1)-(2.2).

Dinh nghia 2.2. Mot day {f,} C L'(J; X) dugc goi 1a nita compact néu né
14 bi chan tich phan va {f,(¢)} € K(t), hau khap t € J, véi K(t) C X,t € J,

la mot ho cac tap compact.

Ta da biét rang néu {f,} 1 nita compact trong L!(J; X), thi n6 ciing la
compact yéu (xem [42, Ménh dé 4.2.1]). Ching ta can t6i két qua sau (chiing
minh c6 trong [59, Ménh dé 7]).

Ménh dé 2.2. Gid sit (A) théa man. Neu D C L'(J;X) la bj chan tich
phan, thh W(D) la lién tuc dong bac trong C(J; X). Néu D = {f,} la mét day
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nita compact thy {W(fn)} la compact tuong déi trong C(J; X ). Hon nita, néu
fn = f* trong LY (J; X) thy W(f,) — W(f*) trong C(J; X).

Sau day 1a két qua ve sy ton tai nghiém tich phan ctia bai toan.

Dinh 1i 2.1. Gid st rang (A) va (F) théa man. Khi dé, bai todn (2.1)-(2.2)

c6 it nhat mot nghiém tich phan vdi moi ¢ € Cp, cho trudc.

Chitng minh. Dau tien, ta c6 nhan xét lim [[AA — A) 7 zx) = 1, do
A——+o0
lim A\ — A)~lv = v v6i mdi v € D(A).
A—>~+o00
Bay gio, ta chi ra sy ton tai clia mot tap loi, dong My C C, théa man

F(My) C My. Lay z € F(u). T dinh nghia clia toan tit nghiém, ta c6
=01 < 15" Ollccolle @) + 11 Tm_ [~ AL = ) r(s)ds)
<)+ tim [ 186 = e AT = A e 16 s
< M{le(0)[| + M/Ot(aHU(S)H +bljuslle, + c)ds,

trong d6 M = sup ||5'(t)]-
te[0,T]

Mat khac, ta co

luslle, = sup |lu(s +0)[ < l¢lle, + sup [lu(p)l|-
96[_h70] pE[O,S}

Tu doé thu dugce

t
Iz < M (0)]] +M/O (allu(s)]l +dllellc, + 0 sup [u(p)[| + c)ds
pe|0,s

§M||90(0)||+MT(bI|90|Ich+C)+M/O (allu(s)[ +b sup |lu(p)|)ds

p€l0,s]

t
Sﬂﬁ+ﬂﬂa+®/)&mlwwwwa
0 p€lo,s]
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voi My = M||p(0)]] + MT(bl|¢||c, + ¢). Do thanh phan cudi 1a tang theo ¢, ta
co

t
o [12(p)] < My + M(a-+) [ sup fulp)]ds. (2.4
p€0,t] 0 p€l0,s]

Mo ={ueCy: sup u(s)| < ()t € J},

s€]0,t]

v6i 1) 14 nghiem duy nhat ctia phuong trinh

W(t) = My + M(a + b)/O WP(s)ds.

R& rang, Mg 1a mot tap con doéng, 16i trong Cy, va (2.4) ddm bao rang F (M) C
Mo.
bat

M1 =c0F(My),k=0,1,2,...

¢ day co 1a ki hiéu bao déng 101 clia mot tap con trong C,. Ta ¢6 M, 1a dong,
16i va My, 11 C My, v6i moi k € N,

Dat M = ﬁ My, thl M 1a mot tap con déng 1oi cta Cy, va F(M) C M. Ta
sé ching nlil_noh M 1a compact bang cach stt dung Dinh 1i Arzela-Ascoli. That
vay, v6i moi k > 0, Pr(My) 1a bi chan tich phan do gia thiét (F)(2). Do do,
Meénh dé 2.2 cho ta tinh lien tuc dong bac ctia F(My). T d6 kéo theo My 1
cling 1a lién tuc dong bac véi moi k > 0. Vay M la lien tuc dong bac.

Dé ap dung dugc Dinh 1i Arzela-Ascoli, ta can chitng minh M (t) 1a compact
v6i mdi t > 0. Diéu nay tuong duong véi ug(t) = x(My(t)) — 0 khi k — oo,
v6i x la do do Hausdorff trén X.

Néu {S’(¢)} 1a compact thi dé dang kiém tra dugc

pe1(t) = x(Myp1 (1) < lim x ( /0 S'(t — s)AN — A)_lPF(Mk)(s)ds)

A—00
t

<4 lim [ x(S'(t—s)AA — A) "' Pr(My)(s)) ds

A—00 0

=0,
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do Meénh dé 1.5. Ngugc lai, néu {S’(¢)} la khong compact, ta c6
¢
s (6) <AV [ X (PE(Mi)(5)) ds
0

<aM / PXMu(s) T g sup x(Milel(s +7))]ds
0 TE€[—h,0]

§4M/0 [px(Mi(s)) +q sup x(My(7)]ds

T€[0,s]

t
S4M(p+61)/ sup i (7)ds,
0 7€[0,s]

theo (F)(3). Do vé phai la khong giam theo ¢ nén

t
sup 11 (1) <4M(p+ q)/ sup g (7)ds.
T€[0,t] 0 T€]0,s]

bat ni(t) = sup pg(7), ta co
T€[0,t]

men(t) < 4M(p+a) [ muls)ds

Dt 100 (t) = lim n(t), thi

Moo () < 4M(p + q) /O oo (5)ds.

Ap dung bat ding thic Gronwall-Bellman, ta thu duge Noo(t) = 0 v6i moi
teJ. Do 0 < pup(t) <ng(t) — 0 khit— oo, taco ug(t) — 0 véi k — oo.

Bay giv, ta xét F : M — P(M). Dé ap dung Bo dé 1.4, ta con phai chiing
minh F la déng. Xét {u,} C M véi u, — u* va v, € F(u,) voi v, — v*. Ta

P

CcO

vn(t) € S (1)p(0) + W o Pr(un)(t).
Lay fn € Pr(u,) sao cho
on(t) = S"(t)p(0) + W(fn)(t). (2.5)

Tt tinh nita lién tuc trén yéu ctia Pr (Ménh dé 2.1), ta xét B6 dé 1.3 khi f,, —
f* trong L'(J; X) va f* € Pr(u*). Hon nita, dat K(t) = F({un(t), un[¢]:})
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thi {f,(t)} € K(t) hau khap ¢t € J v6i K(t) 1a compact trong X do F la
ntta lien tuc trén. Tu (F)(2), ta ¢6 {f,} bi chian tich phan. Do d6 {f.} la
day nita compact. Ap dung Meénh dé 2.2 ta c6 tinh compact ctiia {W(f,)}
trong C(J; X). Vay ta c6 thé chuyén qua gi6i han trong (3.7) dé thu dugc
v*(t) = S'(t)p(0) + W(f*)(t) v6i f* € Prp(u*). Suy ra, v* € F(u*). Dinh 1

dugc chitng minh. O

Phan con lai clia muc nay, ta chitng minh mot s6 tinh chat ciia tap nghiém,
nhitng tinh chat nay sé dugc diing dé chiing minh sy ton tai tap hit toan cuc
trong muc sau.

Goi mp, T > 0, la toan t chat cut trén doan [0, T'] tac dong trén C'([0, +00); X),

tic 1a, véi z € C([0, +00); X ), 7 (2) 1a han ché clia 2 trén doan [0, T]. Ki hiéu

Y(p) ={u € C([0,+00); X) : ulp] la mot nghiém tich phan
ctia (2.1)-(2.2) trén [—h,T] v6i moi T > 0}.
Bo6 dé 2.1. Gid st (A) va (F) théa man va {@,} C Cp, la mot day con hoi

tu. Khi dé mr o X({n}) la compact tuong doi trong C([0,T]; X). Dac biét,

7 o X(p) la compact véi moi ¢ € Cy, .
Chitng minh. Lay v, € 71 o X(p,),n € N, ta ¢6
un(t) € §'(1)n(0) + Wo Pr(vy)(t),t € [0, T].

Ta can chi ra rang {v,} 1 lién tuc dong bac va {v,(t)} 1a compact tuong doi

v6i mdi ¢ € [0,T]. Danh gia tuong tu nhu (2.4) cho ta

t
lon(®)]] < M + M(a +b) / sup |lon(p)llds, vt € [0,T), (26
0 p€l0,s]

trong d6 M = sup |[|S'(t)]|z(x), va
t€[0,T]

My = M sup [[¢n(0)[| + MT(bsup |[¢nlle, +c).
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Do vé phéi ctia (2.6) 1a khong gidm theo ¢, ta c6

wp(t) < My + M(a+0b) /t wy,(s)ds, vt € [0,T],
0

v6i w,(t) = sup ||lvn(p)||. Ap dung bat ding thiic Gronwall-Bellman, ta thu
p€[0,t]

duge tinh bi chin cia {w,}, tt dé kéo theo tinh bi chan cta {v,} trong

C([0,T]; X). Lay fn € Pr(v,) sao cho

vn(t) = S (£)en(0) + W(fn)(1).

Tu (F)(2), ta ¢6 {fn} 1a bi chin tich phan do tinh bi chian cta {v,}. Néu
{S’(t)} 1a compact thi {v, } hién nhién 1a compact. Trong trudng hop {S’(¢)}
1a khong compact, ta c6 {W(f,)} 1a tap lien tuc dong bac nhs Menh dé 2.2.
Diéu nay chiing t6 {v,} 1a lien tuc dong bac. Hon nita,

¢

X({en()) = XS (pn(0) + N |80 = AN~ 4) 7 (s)ds))

<ilm1x({Aa§@—dMQI—A){ﬁ@”d%

T Ao+

52hm!AHQQ—sMQI—AYquXHRQHWS

A— 400

<2V [ px(ion]) +a, s x({oaonl(s-+0))lds

<2M(pta) [ sup (o)
0 p€l0,s]

Li luan tuong ty nhu trong chiing minh Dinh 1i 2.1, ta thu duge {v,(t)} la
compact tuong d6i véi méi ¢ € [0, T].

Bay gig, ta sé chitng minh 77 o X(¢) 1a compact v6i moi ¢ € Cp,. Thic 1a ta
can chira mpoX(p) 1a dong. Gid st v, € TroX(p), v, — v* trong C ([0, T]; X).
Li luan tuong tu nhu trong chitng minh Dinh 1i 2.1, ta thu dugc v* € mroX(p).

Tc la, mp o X(p) la déong. Nhu vay, dinh 1i duge ching minh. O
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Bay gig, ta dinh nghia nita dong da tri sinh béi (2.1)-(2.2) nhu sau

G:RT x Ch — P(Ch),

G(t,¢) = {us : u[p] 14 mot nghiém tich phan cua (2.1) — (2.2)}.
Li luan tuong tu nhu trong [52], ta ¢6 G' la mot nita dong da tri ngat, tic 1a
G(t1 + ta, ) = G(t1,G(t2, ), v6i moi t1,tsy € R, € Cy.
Ta sé chiing minh tinh nta lién tuc trén ctia G trong bo dé sau.

Bé dé 2.2. Vi gid thiét (A) va (F) thy G(t,-) la nita lien tuc trén véi gid tri

compact vdi moi t > 0.

Ching minh. Ta c¢6 7 o X(p) la compact trong C([0,t]; X) v6i moi ¢ > 0 nhu
da chitng minh trong B6 dé 2.1. Suy ra, G(t,¢) la compact v6i mdi ¢ € Cy,
nghia 14 G(t,-) nhan gia tri compact. Dé 4p dung Bo dé 1.2, ta con phai chiing
minh G(t,-) 1a tya compact va c6 do thi dong.

Dau tién ta chiing minh G(t, -) tya compact. Gia stt rang K C Cp, 1a mot tap
compact. Lay {z,} C G(t, K), thi ton tai day {¢,} C K sao cho 2z, € G(t, ¢,,).
C6 thé gia stt {¢,,} hoi tu t6i ¢* trong Cp,. Dat u, € X(¢,) sao cho

2n(8) = up[odn](t + 8),s € [—h,0]. (2.7)

Tt Bo dé 2.1, ta c6 7 0 X({¢,}) 1& compact tuong déi trong C([0,t]; X). Do

do6, ¢c6 mot day con cta {u,} (ta cing ki hiéu 1a {u, }) sao cho
me(uyn) — u* trong C([0,t], X).

Vay, tit (2.7), ta c6 {z,} hoi tu t6i u*[p*];.

Bay gio ta chtiing minh G(¢,-) ¢6 do thi dong. Lay {p,} 1a mot day trong
Cp, hoi tu t6i ¢* va &, € G(t,pn) sao cho &, — &*. Ta phéi ching minh
& € G(t,¢*). Chon u, € X(pn) sao cho &,(s) = uy[pn](t + s). Tt Menh dé

2.1, {un} c6 day con hoi tu (cing ki hiéu la {u,}). Gid st v* = lim wu,, thi

n—oo
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Un[on] = u*[p*] trong C([—h,t]; X) va £*(s) = u*[e*](t + s),s € [~h,0]. Ta

chi can ching minh v* € 7, 0 X(¢*). Lay f,, € Pr(uy) sao cho
un(r) = 5" (t)en(0) + W(fn)(r),r € [0,1]. (2.8)

Tu (F)(2) va tinh bi chan cha {u,}, ta ¢c6 {f,} C L'(0,# X) la bi chin

tich phan. Hon ntta, K(r) = F({un(r), un[enlr}),r € [0,t], & compact va
{fn(r)} C K(r), nén {f,} la day nita compact. Ap dung Ménh dé 2.2, ta c6
fn = f*vaW(f,) = W(f*). Do dé, c6 thé chuyén qua gisi han (2.8) dé thu
dugc

u(r) = S'(t)e"(0) + W(f*)(r),r € [0,t].
Ma P 1a nita lién tuc trén yéu, nén f* € Ppr(u*). Tt d6 suy ra u* € w03 (p*).
Dinh 1i dugc chiing minh. L]

2.3. SU TON TAI TAP HUT TOAN CUC

Dé chiing minh su ton tai tap hit toan cuc, ching ta can thém gia thiét sau
day.
(S) {S'(t)}+>0 12 nita nhém co. Ngoai ra, {S’(t)}+>0 1a 6n dinh mi véi s6 mi
o, va x-gidm vé6i s mil 3, nghia I
15" )l ey < e 1971l < Nem P, vt >0,

trong d6 o, 8 > 0, N > 1.

Ta c6 nhan xét rang, néu {S’(¢)} 1a nita nhém compact thi ||S’(¢) |, = 0, V¢ > 0.
Trong truong hop nay, ta cé thé chon 8 = +oo0.

Ki hiéu x¢ 1a do do Hausdorff trén Cj,. Ta c6 céc tinh chat sau cia x¢o (da
duge dé cap trong [3]):

1) sup x(D(s)) < xc(D), véi moi D € Cy;
s€[—h,0]
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2) néu D la lien tuc dong bac thi xo(D) = sup x(D(s)).
SE[—h,0]

Ta nhic lai bat dang thitc Halanay (xem chitng minh truéng hop tong quat
trong [77]).

Meénh dé 2.3. Gid st ham f: [to —7,T) = RT,0 <ty < T < +oo théa man
bat dang thic

Ft) <=yf(t)+v sup f(s),
SE[t—T,t]

vdi t > tg, trong do vy >v > 0. Khi doé

f(t) < ke HE710) 4 > ¢,

trong d6 k = sup  f(s) va £ la nghiém cia phuong trinh v = £+ ve™'".

SE[to—T,to]

Stt dung bat dang thiic Halanay, ta chiing minh Bo6 dé sau vé tinh nén cta
toan tt Gpr = G(T),-).

Bé dé 2.3. Gid st cdc gid thiét (A), (F) va (S) théa méan. Néu B—4N (p+q) >

0 thi ton tai T > h va mot s6 ¢ € [0,1) sao cho
xc(Gr(B)) < (- xc(B), vdi moi tap bi chin B C Cy,.

Ching minh. Xét B C Cp 1a mot tap bi chan, dat D = X(B), ta ¢
'

D(t) € §'()B(0)+ lim [ §(t— AN — A) "' Pr(D)(s)ds,t 2 0. (29)
— T 00 0

Ta ¢6 nhan xét rang (D) bi chan trong C([0,t]; X) v6i mdi ¢t > 0. Do do,
néu {S’(t)} 1a compact thi x(D(t)) = 0. Trong trudng hgp ngugce lai, tic 1a
{S’(t)} 1a khong compact. Dit

v(t) = B (2.10)
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T (2.9) ta ¢

u(t) < x(S'(t)B(0)) + X( lim /0 S'(t — $)AN — A)_173F(D)(s)ds>

A—>+o00

< Ne P'\(B(0)) + lim X{/O S'(t—s)A(M—A)—lpp(D)(s)ds)}

A——+o0

t
< Ne Py(B(0)) + 4N / =B (Pp(D)(s))ds,
0
do gia thiét (S) va Ménh dé 1.5. Do d6

0(t) < e PINXBO) + 4N [P x(D) +a s (DIB0))s]

¢ day
D[B(t) =
B(t), t € [—h,0].
Ki hiéu z(¢) 1a vé phai ctia bat dang thic trén va dat z(s) = Nuv(s) v6i

s € [—h,0], ta c6 v(t) < 2(t), Vt > —h, va

Z'(t) = —B2(t) + 4N[pv(t) + ¢ s v(s)]

< —(8—4Np)z(t)+4Nq sup z(s), t>0.
sE[t—h,t]

Ap dung bat ding thic Halanay cho z, ta thu duge

2(t) < sup z(s)e =N sup wv(s)e . t>0,
s€[—h,0] s€[—h,0]

trong d6 ¢ 1a nghiém ciia phuong trinh 8 — 4Np = £ + 4Nge®". Do dé

v(t) <z(t) <N sup x(B(s))e " < Nxc(B)e "t >0,
s€[—h,0]

nho dinh nghia ctia v trong (2.10). T d6 ta c6

sup o(T +60) < Nxc(B)e T,
6€[—h,0]
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Tw (2.9), ta c¢6
740

Dr(0) C S'(T + 0)B(0) + Jim S'(T 4 0 — s)AAI — A)~'Pr(D)(s)ds,

C S'(T 4 6)B(0) + W o Pp(D)(T +6),0 € [h,0].

Do T > h va S’(-) 1a lien tuc theo chuan, nén S’(T + -)B(0) lién tuc dong bac
trong Cp,. Tt Ménh dé 2.2, suy ra W o Pr(D)(T + -) cing la lien tuc dong bac

trong Cj. Tiic 1a, D7 ciing lién tuc dong bac. Tt day ta suy ra

xc(Dr) = sup x(D(T+6))= sup v(T'+0)<(-xc(B),
0€[—h,0] 0€[—h,0]

v6i ¢ = Ne “T=h)_ Cudi ciing, chon T > h + £ In N va nhan xét
Gr(B) = X(B)r = Dr,
ta c6 diéu phai chitng minh. O

Bé6 dé 2.4. Gid st rang (A), (F) va (S) théa man. Khi dé G c¢6 mot tap hap

thu bi chdn, vdi dieu kién o > a + b.

Ching minh. V6it > 0 va B C Cp, 14 mot tap bi chan, ¢ € B, ||¢|lc, < C, ta
x6t uf[p] xéc dinh béi

t

u(t) = S’ (t)p(0) + AETOO i S'(t — )M — A)~ 1 f(s)ds,

véi f € Pr(u). St dung gia thiét (F)(2) va (S), ta ¢o
¢
lu@®] < el (0)] +/0 e~ Iallu(s)| + blluglle, +clds. (2.11)

Do o — a > b, ta c6 thé chon R > 0 sao cho b+ g=d<a-—a. Dau tién, ta
sé chiing minh nghiém u[p] théa man tinh chat: Ity > 0 sao cho |Jug, e, < R.

Gia st ngugce lai: v6i moi t > 0, ||ut||c, > R thi

C C
blude, + = lucle, (04 15 ) < lhule, (b+ ) = dluale, v 2 0.
il R
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Do d6, biéu thitc (2.11) cho ta

t
lu@)]l < eIl (0)] +/O e~ Iallu(s)|| + dluse,ds, = 0.

e~ lp(0)]| + fy e allu(s)l| + dlluslle,]ds, ¢ >0,

le@ll, ¢ e[=h,0]

v(t) =

T dé ta co |Ju(t)|| < v(t), Vt > —h va

V'(t) < —(a—a)v(t)+d sup wv(s),t>0.
SE[t—h,t]

Ap dung bat ding thic Halanay, ta thu duge
Ju(®)|| < [|¢lle, e < Ce™" v6i moi t > 0,

trong do ¢ 13 mot s6 duong.
Vay,

R < ||luglle, = sup |u(t+0)|| < Ce 9 vt > h. (2.12)
0€[—h,0]

V6i t 1a du 16n, thi (2.12) mau thuan véi diéu gia st.
Nhu vay, ta vita chiing minh duge: v6i mdi ||¢|| < C, ton tai tg > 0 sao cho
lutylle, < R. Bay gio ta sé ching minh ||utlle, < R,Vt > tg. Gid st ngugce lai

rang ton tai t; > tg sao cho
llue, ||, < R nhung ||utlc, > R v6i moi t € (t1,t1 + 6),

v6i 0 > 0. Xét ufyp] trén [t1,t1 + 0), ta c6

u(t) = S'(t —t1)u(ty) + )\lim t S'(t — )MN — A)~ L f(s)ds,

— 00 tl

trong do f € Pp(u). Do dé

t
lu®)]l < e Ju(ty)| +/ e~ [allu(s)|| + dlusllc, Jds, t € [t1,t1 +6).
t1
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Li luan tuong tu nhu & trén, véi moi ¢ € [t1,t; + 6) thi
lu@)l < llus lene™ =) < lug, lle, < R.
Do dé, véi t € (t1,t1 +6), ta ¢

lulle, = sup lu(t+s)| = sup |u(r)]
s€[—h,0] rE[t—h,t]

< sup lu(r)]|
Te[tl—h,t]

=max{ sup |lu(r)|, sup [ju(r)|}
re[ti—h,t1] r€ft1,t]

= max{||u, |[¢,, sup [[u(r)[[} < R,
T‘G[tl,t]

mau thuidn véi didu gia si. Vay, ta c6 thé chon hinh cau tam 0 v6i ban kinh

R 13 mot tap hap thu clia nita dong da tri G, 6 d6 R dudc chon théa man
c
a—a—>b

O

Bo6 dé 2.5. Gid st (A), (F) va (S) théa man. Néu B —4N(p+q) > 0, thi G

la tiém can trén nia compact.

Chiing minh. Lay B C Cj, 13 mot tap con bi chian va Zp 1a ho tat ca cac day

(& : & € G(tg, B), tx — oo}. Ki hieu
pw=sup{xc(2): Qe =g}

Ta sé ching minh rang g = 0. Gid st ngudc lai rang p > 0, khi d6 véi
6 € (0,(1—)u), ton tai Qy = {&} € Ep sao cho

xXc(Qo) > p—0.

O day, ¢ dugc lay & B6 dé 2.3. C6 dinh T > h, v6i mdi ¢, € (T, 00) ton tai mot

s6 my € N sao cho t, = mgT + 1,7 € [0,T). Lay 7 = (mg — 1)T + 1, thi
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& € G(ty, B) = G(T + 11, B) = Gr(G(m1, B)), ¢6 thé lay n, € G(7, B) sao
cho & € Gr(nk). Tt d6 suy ra

xc(Q9) = xc({&k})

< xc(Gr({m})) < Cxe{m}) < Cu < p—0.

Mau thuin véi dieu gia sit. Dinh 1i duge chitng minh. O

Két hop cac Bo dé 2.2, 2.4 va 2.5, ta thu dugc két qua vé su ton tai tap

hit toan cuc cho nita dong da tri G.

Dinh 1i 2.2. Gid st rang cdc gid thiét (A), (F) va (S) théa man. Khi dé, nia
dong da tri G sinh bdi hé (2.1)-(2.2) ¢6 mot tap hit toan cuc compact trong

Cy, vdi dieu kién

min{a — (a+b),6 —4N(p+q)} > 0.
2.4. AP DUNG
2.4.1. Bao ham thic trong mién bi chin

Gia st 2 1a mot tap bi chin, mé trong R™ v6i bién tron 02 va O C € 1a mot

tap con mdé. Xét bai toan

%(t, x) — Azu(t,x) + u(t,z) = f(z,u(t,z)) + ;bi(x)vi(t), x e t>0,

(2.13)
vi(t) € [ /O ki (y)u(t — hyy)dy, /O oi(y)u(t — h, y)dy] A<i<m, (2.14)
u(t,z) =0, € 90t >0, (2.15)
u(s,z) = ¢(s,z), € Qs € [—h, 0], (2.16)

trong d6 A, 1& toan tit Laplace theo bién khong gian 2, A >0, f: O xR = R
la mot ham lien tuc, b; € C(Q),k;; € LY(O) véii € {1,...m},j = 1,2, v

p € Ch = C([=h,05;C(2)).
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Mo hinh nay cé thé coi nhu mot bai toan diéu khién véi diéu khien v =
(1, ..., Um), cho béi dang phan hoi duge bidu dién bdi bao ham thic (2.14). O
day, khoadng [z1, 22]) = {721 + (1 — 7)z2 : 7 € [0, 1]}.

Trong vi du nay, ta dat u(t)(z) = u(t,z) vd xem ham can tim u 13 mot
ham véc to xac dinh trén RT va nhan gia tri trong C(Q). Dt

X =C(@),
Xo=Co() ={veC(Q):v=0 trén 90N},

& day X va Xo dugc trang bi chuan sup ||v|| = sup,cq |v(z)|. Ta dinh nghia

Aiv = Avw,

ve D(A) ={veCo(Q)NH(Q) : Av e C(Q)},

trong d6 A 1a toan ti Laplace trén €. Hién nhién,

Ap dung két qua trong [69, Dinh 1i 5] (cho trusng hgp m = 1), ta c6: néu 0Q
14 chinh quy dia phuong thuoc 16p C?#, u > 0 (xem [69]), thi A; sinh ra mot
nita nhém gidi tich {e!t},;>0 trén Xy. Hon nita, do phép nhing D(A;) C X,
14 compact, & day D(A;) dudc xac dinh véi chuan ||v]|a, = ||v||x + [|Av| x,
nén A; c6 gidi thic compact (xem [34, Ménh dé 4.25]) va do dé nita nhém
{et41},50 1a compact. Mt khac, tit [75, Dinh 1i 4.1.4], ta c6 {e!41};>0 1a nita
nhoém co, tic la

el zx) < 1,VE> 0.

Dat A = A; — M. Ta thay rang, A sinh ra mot nita nhém compact va giai tich
{etA}tZ() trén Xy ma

||€tA||£(X) < G_M,Vt > 0.
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Bay gio, ta dat Iy : Xo — X, Fy : C(|—h,0]; X) — P(X) véi

Fi(v)(z) = f(z,v(2)), (2.17)
Fa(w)(@) = 3o00) | [ bawu(-hdy, [ esu(-nnay]. 219

Nhu vay, bai toan (2.13)-(2.16) 1a mot mo hinh cu thé ctia bai toan tritu tugng
(2.1)-(2.2) v6i F(v,w) = Fy(v) + Fa(w).

Ta gia thiét thém ring, ton tai cac ham a,b € C(Q) théa méan
|f(x,7)| <alz)lr| +b(z),Ve € Q,r € R.

Ta thu dugc
[EL ()| < llal - ol + (o], Yo € Co(9).

Vé6i F5, ta co
[F2(w)]| < ZHbz’Hmax{/oIkl,i(y)ldy;/o|k‘z,z'(y)ldy}-||w||ch~
i=1

T Dinh 1i 2.2, nita dong sinh bdi (2.13)-(2.16) c6 mot tap hit toan cuc compact
trong C([—h,0]; C(Q)) néu

lall + 3 (b5 max{ /@ v ()l dy: /O ha.a()ldy) < A
=1

2.4.2. Bao ham thiic trong mién khong bi chin

Ta chi y rang, néu A sinh ra mot Cop-nita nhom {7T'(¢) }+>0 trén X thi né ciing

sinh ra mot nita nhom tich phan {S(¢)}+>0, duge xac dinh béi
t
S(t)v = / T(s)vds,v € X.
0

Do dé6 két qua ciia ching ta c6 thé ap dung trong truong hop nay. Ta lai xét

bai toan (2.13)-(2.16) nhung trong mién = R™ va O la mién bi chin trong
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R™. Ta c¢6 thé viét lai nhu sau
00 1,0) = Aut.a) + Ault,z) = Fla.ult,a)) + 3 b(a)on(t) 0 € ROt >0,
i=1

(2.19)

v;(t) € l/@ k1.i(y)u(t — h,y)dy, /O ka,i(y)u(t — h, y)dy] ,1<i<m, (2.20)

u(s,z) = p(s,x), x € R", s € [—h,0]. (2.21)
Trong mo6 hinh nay, ta gia thiét

1) b € LA(R"), k;; € L*(0),j =1,2;1 < i <mva ¢ € C([—h,0]; L*(R™));

2) f:R®" xR — R sao cho f(+,z) 1a do dugc v6i mdi z € R va ton tai
k € L*(R™) ma

|f(x,21) — f(x,22)| < k(x)|21 — 22|, V& € R, 21, 20 € R. (2.22)

Alv = AU,’U € D(Al) = HQ(Rn)a

X = L*(R").

Ta da biét rang A; sinh ra mot nita nhom giai tich 71 (-) trén X (xem chiing
minh tai [34, Dinh 1i 5.15]). Hon nta, 73(-) l& mot nita nhém co. Do do,
A = A; — I sinh ra mot nita nhom giai tich 7(+) xac dinh béi T'(t) = e~ T (t)

~

va

IT(t)]| < e, vt > 0.
Suy ra T'(-) 1a nita nhém 6n dinh mii va y-gidm vé6i s6 mil .

Xét Fy, Fy cho béi (2.17)-(2.18). Tix (2.22), ta thu dugc
[F1(v1) = Fi(v2)| < [l - lvr = e[, Yor,v2 € X.

Vay
x(F1(B)) < |||l - x(B),VB € B(X).
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M3t khac, véi tap bi chan C € C([—h,0]; X) ta thay rang F5(C) 1a tap con bi

chin ctia mot khong gian vo han chiéu sinh béi {b;}7,. Do d6
x(F2(C)) = 0.
bat F(v,w) = Fy(v) + Fa(w), thi
X(F(B,C)) < x(F1(B)) + x(F2(C)) < [[£][ - x(B),

v6i moi B € B(X),C € B(C([-h,0];X)). Do d6, F théa man (F)(3) vdi
p=|xll,¢=0.
Bay gig, ta kiém tra diéu kien (F)(2). Ta c6

[ ()l < &[] - ol + 1, 0],

1F(w)l| < ) 116l max{[|k1ill 20y 1k2,ill 20y } - wlle—n.0px)-
=1

Vay, diéu kien (F)(2) duge thoa man véi
a=[xll,b =" |Ib:l max{||kyillL2(0), lk2.ill L2 (0) }-
i=1
T Dinh 1i 2.2, ta thu dude dinh Ii sau vé sy ton tai tap hit toan cuc.

Dinh 1i 2.3. Nia dong da tri sinh bdi hé (2.19)-(2.21) co6 tap hit toan cuc
compact trong C([—h,0]; L*(R™)) vdi dieu kién

max{4]|rll, ]| + D (16| max{||ki,

=1

£2(0): [[k2,illL2(0) } < A

Két luan Chuong 2

Trong chuong nay, ching t6i nghién cttu bao ham thiic vi phan c¢é tré hitu
han v6i phan tuyén tinh sinh ra nita nhém tich phan. Cac két qua dat dugc
bao gom:

1) Chitng minh sy ton tai nghiém toan cuc doi véi bai toan (Dinh 1f 2.1).
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2) Chitng minh sy ton tai tap hit toan cuc cho nita dong sinh bdi bai toan
(Dinh If 2.2).

3) Dua ra hai bai toan minh hoa cho két qué tritu tugng, mot bao ham
thitc trong mién bi chin va mot bao ham thic trén toan bo khong gian R™
(Muc 2.4).

Trong cac luge do chitng minh sy ton tai tap hit toan cuc ciia Ball va clia
Melnik-Valero, viéc chi ra tinh compact tiém can ctia nita dong la mot budc
quan trong va khé. Thong thudng, tinh chat nay théa man néu nita nhém sinh
béi phan tuyén tinh (trong bai todn nay la S’(+)) 14 compact. Tuy nhién, véi
cac hé dao ham riéng trong mién khong bi chan thi yéu cau nay 1a khong thiyc
té. Trong chiing minh ctia ching to6i, nita nhom S’(+) duge gia thiét 1 lien tuc
theo chudn, khong nhat thiét compact. O day, ching toi da st dung cach tiép
can bang cac udc lugng do do khong compact dé khic phuc khé khan khi loai
bé tinh compact ctia nita nhém S’(+) cling nhu tinh lién tuc Lipschitz ctia phan
phi tuyén. Hon nita, nhd céc udc lugng dua vao bat dang thitic Halanay, ching
toi ciing thu duge tinh chat tdn xa bi chin ciia nita dong G duéi cac gia thiét

nhe hon so v6i cac gid thiét da dua ra trong [76].
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Chuong 3

NGHIEM DOI TUAN HOAN CUA BAO HAM THUC VI
PHAN NUA TUYEN TINH

Trong chuong nay, ching t6i nghién ctu sy ton tai nghiém déi tuan hoan
cho mot 16p bao ham thitc vi phan c6 dang da dién ma phan tuyén tinh cia
n6 sinh ra mot nita nhém tich phan. St dung cach tiép can ctia li thuyét nita
nhém va ap dung cac dinh 1i diém bat dong cho 4nh xa nén, ching toi ching
minh dugc sy ton tai ciia nghiém déi tuan hoan cho bai toan tong quat nay.

Noi dung ctia chuong nay dua trén bai bdo s6 4 trong Danh muc cong trinh

khoa hoc clia tac gid lien quan dén luan an.
3.1. DAT BAI TOAN

Cho (X, || -||) & mot khong gian Banach. Trong chuong nay, ching t6i nghién
citu bai toan sau

u'(t) € Au(t) + F(t,u(t)), teR, (3.1)

u(t+7T)=—u(t),t e R (3.2)

trong d6 w nhan gia tri trong X, F(t,u(t)) = co{fi(t,u(t)), -, fu(t,u(t))}, &

day co 1a ky hieu bao 16i dong; A 1a toan tit théa man dieu kién Hille-Yosida

c6 mién xac dinh D(A) khong tru mat, tiic 1a D(A) # X.
3.2. SU TON TAI CUA LOP NGHIEM POI TUAN HOAN

Ta ky hieu BC(R; X) la khong gian Banach cac ham lién tuc, bi chan tu R
vao X véi chuan

|ull Bom;xy = sup{|lu(t)]| : t € R},
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ky higu L} .(R; X) 1a tap tat ca cdc ham xac dinh tren R va lay gia tri trong

X, va kha tich cuc bo theo nghia Bochner.
Mot ham v € BC(R; X) dugce goi 1a T— d6i tuan hoan néu

u(t+7T) = —u(t),Vt € R.

Ky hieu Pra(R; X) la tap tat ca cdc ham T—ddi tuan hoan tit R vao X. Ta
thay rang Pra(R; X) ciing v6i chuan sup la mot khong gian Banach.
Dé chitng minh si ton tai nghiém doéi tuan hoan ciia bai toan, ta gid thiét

toan ttr A va cdc ham f; (1 =1,--- ,n) théa man cac diéu kieén sau.

(A) Todn tii A théa man diéu kién Hille- Yosida. Hon nita, nita nhém {S’(t) }r>o0

sinh bdi A trén D(A) la nita nhom hyperbolic.

(F) Cdac ham f; : R x D(A) = X,i=1,--- ,n théa man:

(1) fi(-,x) do dugc manh véi moi x € D(A) va fi(t,-) lién tuc vdi hau
khip t € R;

(2) [|fiit,2)|| < m(t)(|z]] + 1), vdi moi x € D(A), trong dé6 m €
L, (R;RY);

loc

(3) néu {S’(t)} khong compact, thi x(fi(t, B)) < k(t)x(B), vdi moi tap

bi chin B C D(A), trong dé6 k € L} (R;RY),

loc

4) fi(t+T,—x) = —fi(t,x) vdi moi x € D(A).

Nhan xét 3.1. Ching ta cé nhan zét vé gid thiét (F)(3) nhu sau: néu f;(t,-)

théa man diéu kién Lipschitz, tic la

[ fi(t, 1) = fi(t, v2)|| < E(E)([[or — vall),

thy (F)(3) dugc théa man. Hon nia, néu S'(t),t > 0, la compact hodgc f;(t,)
la hoan toan lién tuc (vdi maéi t co dinh) thi (F)(3) ciing dugc théa man vdi

k=0.
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Ky hieu L} ,(R; X) 1a tap tat ci cac ham kha tich dia phuong c6 tinh chat

T—d6i tuan hoan tit R vao X
L3 a(R: X) = {f € L, (R: X) : F(t+T) = — (1), han khip t € B},
Ta thay ring L}, (R; X) cuing véi chuan

2T
11y o) = / 1 (6)lldt

la mot khong gian Banach.

Véi v € BO(R; X), dat
PLAW) = {f € LY, (R; X) : f(t) € F(t,v(t)), hau khip t € R}.
Ta c¢6 ménh dé sau.
Ménh dé 3.1. Gid st (F)(1) — (F)(2) théa méan. Khi do
PEA: BO(R: X) = P(Lh(R: X))
la nida lien tuc trén yéu nhan gid tri 10i va compact yéu.

Chitng minh. Tit dinh nghia ta cé ngay PEA(v) # 0, PLA(v) 14 161 v compact
yéu véi moi v € BC(R; X). Ta sé& chitng minh PL4 1a nita lién tuc trén yéu.
Gia stt {u,} € BC(R; X) v6i up, — u vd w, € PLA(uy,). Tt (F)(2), {w, : n >
1} € L} 4 (R; X) 1a kha tich déu. Ngoai ra, day w,, théa man w,(t) € C(t) :=

F(t, {u,(t) : n > 1}) va tap C(t) 1a compact yéu. Do d6 chiing ta c6 thé gia st
wy, — w trong L}, (R; X).

Tu dinh i Mazur, ton tai w, € conv{wy : k > n} sao cho w, — w
trong LY ,(R; X), do dé w,(t) — w(t) hau khap ¢ € [0;27]. Dé chiing minh
w(t) € F(t,u(t)) hau khap t € [0,277], ta 1ap luan nhu sau. Lay ¢ € [0, 27 sao
cho w(t) € F(t,u,(t)) v6i moi n > 1 va w,(t) — w(t). V6i € > 0 cho trudc, ta

c6 wy(t) € F(t,u(t))+eB(0;€) véin da 16n, do vay w,(t) € F(t,u(t))+eB(0,¢€)
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v6i n du 16n, do tinh chat 16i ctia vé phai. T d6, w(t) € F (¢, u(t)) va menh deé

dugc ching minh. O
Ta dinh nghia nghiém tich phan ctia bai todn nhu sau.

Dinh nghia 3.1. Mot nghiém tich phan ctia bai toan (3.1)-(3.2) 1a mot ham
u € Pra(R; X) théa man phuong trinh tich phan
t

u(t) = S'(t — s)u(s) + lim S'(t — s)Rx f(s)ds,

A—+o0 s

trong d6 Ry = MM — A)~L, v6i moi t > s va s € R, f € PLEA(u).
Trude khi di vio chitng minh dinh i chinh, ta chting minh b6 dé sau.

B6 dé 3.1. Cho g € LY ,(R; X), ta dinh nghia
t —+o00

(®g)(t) := lim S (t —T)PRyg(7)dT — lim S'(t—T1)QRxg(T)dT,

A—+o00 oo A—+oo Jy
vdi t € R. Khi dé (®g)(t) duge zac dinh vdi moi t € R va ®g thudc vao

Pra(R; X).

Chitng minh. Ta ky hiéu

t

Wilg)(t) = lim [ S'(t—7)PRyg(T)dr,
+oo
Wa(g)(t) = )\lim S'(t — T)QRxg(7)dr,
—+o0 J

nhu vay, (®g)(t) := Wi(g)(t) — Wa(g)(?).

Dau tien, ta ¢6 lim ||Ri|zx) = 1, do lim A — A)~'v = v, v6i moi
A— 400 A—+oo

ve D(A).
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Tu diéu kien (1.2) vé tinh hyperbolic cta {S’(¢)}, ta ¢6

M@)ol < tim [ I8¢~ DPRg(ldr

t
< lim Ne‘“ D BAlllg(r) | dr

A— 400

<N/ W”m>wr

< ——= ||g( )|d7
1 — 6—5T .
N T
S S dr.
[ —e T | lg(7)|ldT

Tuong tu, ta c6 danh gia:

T
muwmmT;}ﬁA|mmw.

Do do, &g xac dinh va bi chan.
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Mzt khéc, v6i moi t, h € R,

[(@g)(t + h) = (Bg) (D)

t+h
= H lim / S'(t+h—7)PRyg(7)dr

A——+o00
400
— lim S'(t+h—71)QRrg(T)dT
t 400
— lim S'"(t — T)PRyg(7)dT + lim S'(t — T)QR)\g(T)dTH
A—=+oo J_ A—+oo Jy

A— 400 A— 400

t t
< H lim / S'(t+h—T1)PRyg(T)dT — lim S'(t — T)PRxg(T)dT

t+h
+ lim S'"(t+h—71)PRyg(T)dT
A—+o0 t
+oo
+ lim S'(t — 7)QRxg(T)drT
A—+o00 Jy
+oo
— lim S'(t+h—71)QRrg(T)dT
A— 400 t
t+h
+ lim S’(t+h—T)QR,\9(T)dTH
A—+o0 Jy
t
< lim I(S"(t +h—7) = S'(t = 7)) PRxg(7)||dT
A— 400 0

t+h
-|-/ 15" (t +h — 7)Pg(7)||dr
¢

“+oo
+ lim (S (t+h—7)—=S'(t —7)QRxrg(T)||dT

A—+o0 Jy
t+h
T / 1S'(t + b — 7)Qg(7) | dr
t
1211+12+13+I4.

Ta cb

t+h t+h
= / IS/t + h — 7)Pyg(r)|dr < N / e~ 3+h=T) | (1) dr,
t t

kéo theo lim I, = 0. Li luan tuong ty, ta ciing ¢6 lim Iy, = 0.
h—0 h—0

Véi I, do t — S'(t), t > 0 1a lién tuc, stt dung dinh 1i hoi tu troi Lebesgue, ta
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thu dugc

h—0

t
lim [; = illirrb/ I[S"(t+h —7) = S'(t —7)]Pg(T)||dT = 0.
—VJ -

Tuong tu, ta co flbir% I3 = 0. Do do, ®g lién tuc.
_>

Cubi cung, véi mdi t € R,

t+T
(Pg)(t+T)= lim S'"(t+T — 7)PRxg(T)dT
A—+oo o
+oo
— lim S'(t+T —7)QRxg(T)dT
¢
= lim S'(t —7)PRyg(T + T)dr

A—+oo PN

+oo
—lim/ S'(t — T)QRAg(T + T)dr
t

t

=— lim S'(t — 7)PRyg(7)dT
A—=+4oo J_ o
+oo
+ lim S'(t — T)QRxg(T)dT
A— 400 t

= (2g) (1)

Do d6, ®g 1a T—ddi tuan hoan.
Ll

Bay gio, ta xét toan ti da tri F : Pra(R; X) — P(Pra(R; X)) duge dinh

nghia nhu sau

Fo)(t) = {A lim _ /_ S'(t — 7)PRyf(7)dr

— lim o S'(t —T)QRAf(T)dT : f € 'PZ:A(U)}.

Meénh dé 3.2. Mot ham u € Pra(R; X) la nghiem tich phdan cia bai todn

(3.1)-(3.2) néu va chi néu né la mot diém bat dong ciia F.

Chitng minh. Dau tién, ta gid st u € Pra(R; X) 13 mot nghiém tich phan cia
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(3.1)-(3.2), khi d6 v6i moi t > s,

t

Pu(t) = S'(t — s)Pu(s) + lim S'(t — T)PRyf(7)dr, (3.3)

A—=+too [
t

Qu(t) = §'(t = $)Qu(s) + lim [ §'(t-7)QRAf(T)dr.  (3.4)

v6i f € PEA(u). Cho s — —oco trong (3.3) vi s — +oo trong (3.4), ta c6

t

Pu(t) = AEIJ? S'(t — T)PRAPf(7)dr,
+oo
Qu(t) = — R lim S'(t — 7)QRf(7)dr,
—4o00 J

nhd tinh chat (1.2). Do d6 ta thu dugc

u(t) = Pu(t) + Qu(t)
t —+o00

= lim S'(t — T)PRxf(7)dT — lim S'(t — T)QR\f(7)dT,

A— 400 o A—+oo t

Vay u 1a mot diém bat dong cta F.
Ngudc lai, gid st v € Pra(R; X) 1a mot diém bat dong ctia F, nghia 1a u théa

man phuong trinh

S —+o00

u(s) = lim S'(s = T)PRxf(7)dT — lim S'(s — T)QR\f(T)dT,

A— 400 o A—+oo s

(3.5)

véi s € R, f € P;A(R;X). Khi d6, v6i moi t > s,s € R, tac dong hai vé cla
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(3.5) béi S'(t — s), ta co

S

S'(t — s)u(s) = R liT S'(t — T)PRAf(7)dT
=
— lim S'(t — T)QRAf(7)dT
A—=Foo [
t
= /\ETOO - S'(t — T)PRAf(7)dT

t

— lim S'(t — 7)PRyf(7)dT

A— 400 s

+0o0o
— lim S'(t — T)QRAf(7)dT

t

— lim S'(t — T)QRAf(T)dT

A— 400 s

t

=u(t) — lim S'(t — )Ry f(7)dr,

A—+o0 s

do d6 u 1a mot nghiém tich phan ciia bai toan (3.1)-(3.2). Ménh dé dugce chiing
minh. O

Néu Q C L, (R; X) thoéa man, véi moi f € Q, | f(t)]] < v(t) v6i hau khap
t € R, trong d6 v € L} (R;RT), thi ta n6i rang Q2 la bi chan tich phan trong
L (R; X).

Dinh nghia 3.2. Mot day {f,} C LY ,(R; X) dugc goi 1a nita compact néu
n6 1a bi chan tich phan trong L1 ,(R; X) va {f.(t)} € K(t), v6i hau khap
t € R, trong d6 K(t) C X,t € R, 1a mot ho cac tap compact.

Ta c6 bd dé sau day, chitng minh ciia bé dé nay tuong tu nhu trong [59,
Meénh dé 7).

Meénh dé 3.3. Gid s (A) théa man. Néu D C LL,(R; X) la mot tap bi
chan tich phan trong Lt ,(R;X) va maéi tap D(t) = {f(t) : f € D} la
compact tuong doi vdi hau khdap t € R thi Wi(D), W(D) la compact tuong
doi trong Pra(R; X). Ddc biét, néu D = {f,} la mot day nia compact thi
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Wi (fn)}, V2 (fn)} la compact tuong doi trong Pra(R; X). Hon nia, néu
fn — f* trong LY (R; X) thh Wi(fn) — Wi(f*),i = 1,2 trong Pra(R; X).

Ta c6 két qua sau day vé sy ton tai nghiem déi tuan hoan clia bai toan

(3.1)-(3.2).

Dinh li 3.1. Gid st rang (A) va (F) théa man. Khi dé, bai toan (3.1)-(3.2)
c6 it nhat mot nghiém tich phan vdi dieu kién

ON T

0
Chitng minh. Budc 1: Dau tién, ta sé chi ra rang ton tai mot hinh cau déng
Bpr tam 0 ban kinh R trong Pra(R; X) théa man F(Bgr) C Bg.

That vay, gid st ngudc lai, ton tai day {v,} C Pra(R; X) sao cho Vnll Pramx) <
n nhung Jz € F(v,) ma ||z]p,r.x) > n. Do z € F(vy,), 2(t) = Wi(f)(t) —
Wa(f)(t),t € R, f € PLA(v,). Li luan tuong tu nhu trong B dé 3.1, ta thu

dugc

t 400
=01 < 1 Jim [ S(e= 9 RPrEs|+] Jim [ S = ) RAQs(s)as]

ON T
< ———= [ [f(s)llds
1—e 9T J,
ON T
— 1 —e 0T

2N (n+1) Tms )
g—/o (s)ds.

1—eoT

m(s)([lvn(s)[| + 1)ds

Do do .
2N (n+1)
n < ||Z||PTA(R;X) < W/O m(s)ds

Cho n — +o0, ta co

2N T
1< ——+ m(s)ds,
1-— €_6T 0

diéu nay mau thuin so véi (3.6). Vay ton tai mot hinh cau dong Bgr €

Pra(R; X) théa man F(Bg) C Bg.
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Budc 2: Tiép theo, ta sé xay dung mot tap D compact khac rong, 16i trong
Pra(R; X) théa man F(D) C D.

bat My = Bg. Ro rang M, 1a mot tap con dong cia Pra(R; X) va
F(Mpy) € Mg. bat

My =c0F (M), k=0,1,2,...

§ day co la bao 16i déng clia mot tap trong Pra(R; X). Ta thay M, 1a 16,
dong va My C My, v6i moi k € N.

Dat M = ﬁ My, thi M la mot tap con 10i, déong trong Pra(R; X) va
F(M) Cc M. Ilflzgl nita, tit (F)(2) ta c6 véi mdi k > 0, PL4A(M;) 14 bi chin
tich phan. Do d6, M ciing la bi chan tich phan.

Ta sé chitng minh M(t) 1a compact v6i méi ¢, tic 1a pg(t) = x (Mg (t)) — 0
khi & — oo v6i moi t.

That vay, néu {S’(t)} compact thi ta c6 ngay ux(t) = 0,Vt > 0, do

pt1(t) = x(Mpya (1))

< lim (/t Sl(t—S)PRAPF(Mk)(S)d(S)

A—00 oo

+ lim x (/:OO S'(t — S)QRAPF(Mk)(S)dS>

t

<4 lim x (8'(t — s)PRAPr(My)(s)) ds

A—00 oo

+o0o
+ 4 lim X (S'(t = s)QRAPr(My)(s)) ds

A—00 t

= 0.
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Nguge lai, néu {S’(t)} khong compact thi

t

pa(t) <4 lim [ x (S'(t = 5) PRAPE" (M) (s)) ds

o
+4 lim X (S'(t — $)QRAPEA(My,)(s)) ds

A—00 t

t
< 4N / =)y (PEA(M)(s)) ds

400
+AN / 3=\ (PTA(M})(s)) ds
t

SN t

S {—ooT X(PEA(M)(s))ds,

t—T

do (1.2). Tu (F)(3), ta cb

8N ¢
pe1t) < 757 k(s)x(Mk(s))ds,
—€ t—T
Dat poo(t) = klgilo px(t), ta cod
8N !
foo () < 1 .=5T k(s)phoo(s)ds.
—€ t—T

Chon a € R sao cho a <t —T, khi do6

8N !
poo(t) < 757 [ k(s)Hos(s)ds.

a

Ap dung bat dang thitc Gronwall-Bellman ta thu dugc pieo(t) = 0 véi moi
t € R. T do, ta c6 tinh compact ctia M(t).

Tu Menh dé 3.3, ta c6 Wi (M) va Wa(M) 1a cac tap compact tuong doi
trong Pra(R; X). Diéu nay kéo theo F(M) cing la tap compact tuong doi.
bat

D =¢coF(M).

Ta ¢6 D 1a mot tap compact khéac rong, 16i trong Pra(R; X) va F(D) C D do
F(D) = F(coF(M)) c F(M) CeoF (M) =D.
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Budc 3: Xét F : D — P(D). Dé ap dung dinh 1i diém bat dong trong Bo
dé 1.4, ta con phai ching minh rang F c6 do thi déng. Lay {u,} C D véi

Up — u* va v, € F(u,) ma v, — v*. Ta co
vp(t) € W1 —Ws) o PgA(un)(t).
Lay fn € PL4(u,) sao cho

un(t) = Wi(fn)(t) = Wa(fn)(?)- (3.7)

Tit PLA 1a nita lien tuc trén yéu do Menh dé 3.1, 4p dung Bd dé 1.3 ta
thu duge f, — f* trong L'(0,T; X) va f* € PEA(u*). Hon nita, dat K(t) =
F({t,un(t)}) thi {f,,(t)} C K(t) v6i hau khip t € R, trong d6 K (t) 1 compact
trong X do F(t,-) 1a nita lién tuc trén. Lai tu (F)(2), ta thay {f,} 1a bi chan
tich phan. Do dé {f,} la mot day nta compact. Ap dung Menh dé 2.2 ta
thu dugce tinh compact ctia {Wi(f,)} va {Wa(fn)} trong Pra(R; X). Tu do,
chuyén qua gi6i han trong (3.7) ta c6 v*(t) = Wi (f*)(t) — Wa(f*)(¢) trong d6
f* € PEA(u*). Tic 1a v* € F(u*). Vay dinh li da dugc chiing minh. O

3.3. AP DUNG
3.3.1. Vidul

Xét ) la mot tap mdé bi chan trong R™ véi bién 02 tron. Xét bai toan

%(t, x) — Agu(t,x) + Au(t,x) = f(t,z), teR, xe€Q, (3.8)
f(t,x) € [fi(t, @, u(t,2))); fa(t, @, u(t,2))], tER, z €, (3.9)
u(t+T,x2) = —u(t,z), teR, ze€Q, (3.10)
u(t,z) =0, teR, xe€d, (3.11)

v6i A, 1a toan tit Laplace theo bién z, A > 0.
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Tuong ti nhu trong phan ting dung ctia Chuong 2, ta xét

X =C(Q),
Xo=0Co(Q) ={veC(Q):v=0 trén 9Q},
v6i chuan |[v]| = sup,cq |v(z)| va dinh nghia
Ayv = Av,
v e D(A)) = {veCo(Q)NHIQ) : Av e Cy(Q)},
Dat A = A; — M. Ta thay riang A sinh ra mot nita nhém compact va giai
tich {e'4}>0 trén Xy ma
e cx) < e M, vt > 0.
Do vay, (A) va (F)(3) thoa méan.
Xét fi : R x Cy(Q) — C(Q), v6i i = 1,2, xac dinh bsi
filt,0)(@) = filt,z,v(2)),
trong do6, cac ham ﬁ R x Q xR — R théa man:
(H1) fi(-,2,2) la do duge véi moi z € Q, z € R; fi(t,-, 2) lien tuc véi méi
t,z € R, va fi(t,x, -) lién tuc v6i moi t € R va x €

(H2) |fi(t,z,2)] < m(t)(|z| + 1), v6i moi t,z € R,z € Q, trong d6 m €
Ljoe(R;RT);

loc
(H3) f,(t +T,x,—2) = —fi(t,x,z), véimoit,z € R,x € Q.

Khi dé, tit (H2), ta ¢6

|fi(t,0)ll = sup | fi(t, &, v(2))|

e

< sup m(t)(jo(z)| +1)
€N

< m(t)(sgg (@) +1) = m@)([lv]] +1).
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Do d6, (F)(2) thoa man véi F(t,v) = [f1(t,v); f2(t,v)]. T (H3), ta thay rang
gia thiét (F)(4) thoa man. Hon nita, gia thiét (F)(1) duge théa man do (H1).
Do d6, bai toan (3.8)-(3.11) c6 nghiém T'—d6i tuan hoan véi diéu kien

9 T
—_— m(s)ds < 1.
1—e T /0

3.3.2. Vidu 2
Ta xét bai toan

Opu(t,z) = Z Ok (ag ()0 u(t, x) + ag(z)ult,z) + f(t,z), z € Qt € R,

k=1
(3.12)
f(t,x) € [fl(t,x,u(t,x)));fg(t,x,u(t,x))], teR, z e, (3.13)
ut+T,z) = —u(t,x), teR, e, (3.14)
M
> ni(@)am(z)Ou(t,z) =0, t € R,z € 0N, (3.15)

0 day, @ € RM 13 mot mién bi chan véi bien 0Q thuoc 16p C? va n(-) 1a trudng

vécto phap tuyén don vi ngoai. Ta gid thiét cac hé s6 théa man:
CLMGCI(Q), kl=1,---,M, CLQGC(Q).

M _
voi S ag(x)vgv; > nlv|?, trong d6 n > 0,2 € Q,v € RV,
k=1

Vé6i X = LP(Q),1 < p < 00, xét toan ti

Z (‘3k akl (‘31 +a0( )

k,l=1
v6i mién xac dinh

M
D(A) =4 fe [\W?P(Q): A(D)f € C(Q), Y np(-)ap()df = 0 trén 99

p>1 k,l=1
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Tu két qué clia Schnaubelt [68], ta ¢c6 A sinh ra mot nita nhém hyperbolic T'(+)
trén X v6i cac hé s6 M, \, titc 1a ton tai phép chiéu P va cac hiang s6 M, A > 0
sao cho T'(t) ker P = ker P va

|T(t)z|| < Me M||z||, véit>0vazc RgP,

1
|T(t)z| > Me”HxH, v6it > 0 va x € KerP.

Do d6, gia thiét (A) thoa man.
Xét f; : R x LP(Q2) — LP(Q), v6i ¢ = 1,2, xac dinh nhu sau

fit,v) (@) = fit,z,v(x)),
voi f; : R x 2 x R — R thoa man

(H4) fi(-,-,z) do dugc v6i mdi z € R va f;(t,z,-) lien tuc v6i hau khip t € R

vax €

(H5) |fi(t,z,2)] < m(t)(|z| + 1), v6i moi t,z € R,z € Q, trong d6 m €
Ljoe(R;RT);

loc

(H6) |fi(t,z,2) — fi(t,z,2")| < k(t)|z — 2|, v6i k € L}, _(R;RY),

loc

(H7) fz(t +T,x,—2) = —fi(t,:c,z), véimoi t,z € R,x € Q.

V6i F(t,v) = [f1(t,v); f2(t,v)], ta thay rang cac gia thiét (F)(1); (F)(4) thoa
méan tit cac dieu kien (H4); (H7) tuong tng.

Hon nta, tu (H5), ta ¢6

Vit ) oy < /Vn (lo(y)| + 1)7d

B = v
3=

<) [ (o) + V@O

<m(t)([|v] Lr) + 12]7).
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Do d6, gia thiét (F)(2) thoa man. Mt khac,

T =

| fi(t,v1) = fi(t,v2) e @) = / \fi(t,z,v1(x)) — fi(t,l',vg(l')”pdl’)
< ([0 - vawlyar)”

< k(t)|lvr — val[zr ()

Nhu vay, tit Cha y 3.1, ta c6 gia thiét (F)(3) thoa man.

T do6, ta c6 két qud sau day ve su ton tai nghiem dya trén Dinh 1f 3.1.

Dinh 1i 3.2. Bai todn (3.12)-(3.15) ¢6 nghiém T-doi tuan hoan vdi dieu kién

2N T

W ﬁz(s)ds < 1.

0

Két luan Chuong 3

Trong chuong nay, ching t6i da nghién ctu 16p bao ham thic vi phan cé
dang da dién ma trong d6, thanh phan tuyén tinh sinh ra mot nita nhém tich
phan. Cac két qua dat dugc bao gom:

1) Chitng minh sy ton tai nghiém doéi tuan hoan cho bai toan (Dinh 1i 3.1).

2) Dua ra hai vi du minh hoa cho cac két qua tritu tuong dat duge (Muc
3.3).

Cac két qua trong chuong nay 1a sy md rong sang trudong hgp bao ham
thitc cho mot s6 két qua gan day theo cac tiép can clia li thuyét nita nhom. St
dung phuong phap ham Lyapunov-Peron da tri két hop véi cac ki thuat ude
luong, danh gia do do khong compact, ching t6i da ching minh duge sy ton
tai nghiem d6i tuan hoan cho bai toan (3.1)-(3.2) duéi cac dieu kien da dugc
giam nhe hon so véi cac két qua da biét. Va theo su hicu biét clia tac gia, day
cling 13 két qui dang bao ham thitc dau tién cho bai toan nghiém déi tuan

hoan.
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Chuong 4

TiNH ON DINH YEU CUA HE VI PHAN BAC PHAN SO
NUA TUYEN TINH

Trong chuong nay, dua trén khai niem 6n dinh tiém can yéu cta Fillipov
dua ra cho bao ham thitc vi phan trong khong gian hitu han chiéu, ching toi
dua ra khai niém on dinh tiém can yéu ctia nghiém tam thudng cho bao ham
thiic tién héa bac phan sb, sau d6 ching minh tinh én dinh yéu ctia bai toan
v6i bao ham thitc vi phan bac phan s c6 xung, diéu kién ban dau khong cuc
bo va tré hitu han.

Noi dung ctia chuong nay dia trén cac bai bao sd 1 va 3 trong Danh muc

cong trinh khoa hoc ciia tic gia lien quan dén luan an.
4.1. DAT BAI TOAN

Véi (X, - ||) 14 mot khong gian Banach, xét bai toan

CDgu(t) € Au(t) + F(t,u(t),us), t > 0,t # tp, k € A, (4.1)
Au(tk) = Ik(u(tk)), (4 2)
u(s) + g(u)(s) = ¢(s), s € [=h,0], (4.3)

trong d6 D§,a € (0,1), 1a dao ham bac phan s6 theo nghia Caputo, A 1a mot
toan ti tuyén tinh déng trong X sinh ra nita nhém lién tuc manh W(.), F :
R* x X x C([—h,0]; X) — P(X) 1a mot anh xa da tri, Au(ty) = u(t}) —u(ty),
ke ACN, I, va g 1a cac ham sé duge dinh nghia cu thé trong muc sau. 0
day, us 1a ham tré theo thoi gian ¢, tic 1 ui(s) = u(t + s), s € [—h,0).

Dé nghién citu tinh on dinh cho 16p bai toan nay, ching t6i dua ra khai
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niém sau day vé tinh 6n dinh yéu ctia nghiém khong ctia bai toan (4.1)-(4.3):
Ky hiéu () 1a tap nghiém ctia bai toan (4.1)-(4.3) tng vé6i diéu kién ban dau
¢ sao cho 0 € $(0). Nghiém khong ctia bai toan (4.1)-(4.3) dudc goi 1a én dinh
tiem can yéu néu né la
1) on dinh: v6i moi € > 0, ton tai § > 0 sao cho néu ||¢||n < § thi |luelln <
€ v6i moi u € N(p) vi t > 0, 6 day || - ||» ky hiéu chuan sup trong
C([~h,0}; X);
2) hit yéu: v6i moi ¢ € B, ton tai u € L(p) théa man ||usll, — 0 khi

t — +o0.
4.2. KHONG GIAN HAM VA b0 bO

Xét € = PC(J; X) la khong gian cac ham xac dinh trén J C R va nhan gia

tri trong X sao cho
e v lién tuc trén J \ {tx : k € A};

e ton tai u(t)) = 151_1)1:]3r u(t) va u(t,) = tl_l)I? u(t) sao cho u(t; ) = u(ty).
k k

Néu J 14 mot khoang compact, PC(J; X) ciing véi chuan

lullpe = sup [u(®)]],
teJ

14 mot khong gian Banach. Goi xpe 1& do do Hausdorff trén PC(J; X), ta c6
cac tinh chat sau (xem [40]): v6i moi tap bi chan D C PC(J; X),
e sup,c; X(D(t)) < xpc(D), voi D(t) = {u(t) : d € D};
e Néu D la tap dong lien tuc trén moi khoang (tp_1,tx] C J thi
xpc(D) = supe; x(D(t)).

Trong truong hgp J 1a nita truc, tic la J = [—h, +00), ta xét khong gian

PCy(]—h,+0); X) = {u € PC([—h,+0); X) : t_lgpoo % =0},
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trong d6 ¢ : RT — [1,+00) la mot ham lién tuc vd khong gidm. Ta c6

PC,(]—h,+00); X) cling véi chuan
[[u ()]l

Julle ="sup |lu(t)[| +sup ——==,
¢ te[—h,0] t>0 o(t)

la mot khong gian Banach. Tuy nhién, trong truong hgp nay, chiung ta khong
xac dinh va tinh todn dugc do do Hausdorff trén PC,. Do d6, ching ta phai
xay dung mot do do méi c6 tinh chat don diéu, khong suy bién va chinh quy
trén khong gian nay.

Vé6i u € PC,, ky hieu mr(u) 1a han ché cta u trén [—h,T], tic 1a 7p(u) €
PC([-h,T];X). V6i D C PC,, dat

Xoo(D) = sup xpc(mr(D)), (4.4)
(D) = lim_supsnp L5, 4
X (D) = Xoo(D) + doo (D). (4.6)

Ta thiy rang Yoo (+) va dso(+) 1a cac do do don diéu khong suy bién, do dé x* ()

cling ¢6 cac tinh chat d6. Bay gio ta ching minh tinh chinh quy ctia x*(-).

B6 dé 4.1. NéuQ C PC,([—h,+00); X) la mot tap bi chan théa man x*(Q) =
0, thy Q la tap compact tuong dos.

Chitng minh. Do du () = 0, v6i € > 0 bat ky, ta c6 thé chon T > 0 sao cho

u(t) €
@H <5 V2T Vueq. (4.7)

Vé6i {u, } 1a mot day trong , ta ¢6 xoo({un}) = 0, do d6 xpc(mr({u,})) =0,
tiic 1a {w, |[—p, 7} 6 mot day con hai tu trong PC([—h,T]; X) (ta van ky hi¢u
1a n). Vay, ton tai N(e) € N thoa man

sup [[un(t) = wm (Ol + sup_ |fun(t) — um ()| < 5, ¥n,m > N(e).
t€[—h,0] t€[0,T 3
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Nhu vay,

sup |Jun(t) = um(t)|| + sup

Un(t)  wum(t)
te[—h,0] t€[0,T7] 13

o(t) o(

~+

Két hop (4.7)-(4.8), ta c6

n(t) um(t)
Hun - umHQ = Ssup HUN(t) — U (t )” =+ sup
te[—h,0] >0 || o(t) o(t)
Uy, ( t Uy, (t) un(t)  um(t)
< sup ||up(t) —umn(t)|| + sup ||
S | (t) ()]l o o(t) o(t) ot)
n t t
< sup  Jup(t) — um ()] + sup tm (1) || ‘—(H
t€[—h,0] te[0,T] o(t)
gl
u
tzg Q(t)
<€ N € N €
—+ -4+ -=c¢
-3 3 3 ’

v6i moi n,m > N(€). Do d6 {u,} 1a day Cauchy trong PC,([—h,+00); X). Ta
c6 diéu phai chitng minh. O

Goi ®@(t,s) 1a mot ho cac toan ti tuyén tinh bi chin trén X véi t,s €
[0,T],s < t. Ké qué sau day da dugdc chitng minh trong [67, B dé 1].

Meénh dé 4.1. Gid thiét rang ® théa man cdic diéu kién sau:

(@1) ton tai mot ham p € LI(0,T),q > 1 sao cho ||®(t, s)|| < p(t — s) vdi moi
t,s €10,T],s <t;

(®2) ||@(t,s) — P(r,s)|| Cewvdi0O<s<r—er<t=r+h<T, trong do
e=¢e(h) = 0 khi h — 0.

Khi dé, todn t&'S : LY (0,T; X) — C([0,T]; X) duge dinh nghia bdi
t
S9)(t) = [ @(t,5)g(s)ds
0

bién maoi tap bi chan thanh mot tap lién tuc dong bac, trong dé ¢’ la so6 ma

lién hop cia q, tic la % + % =1.
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V6i p > 1, ta xéc dinh toén ti tuyén tinh
Qo : LP(0,T;X) — C([0,T]; X),
Qa(f)(t) = /Ot(t — )27 Py(t — 5) f(s)ds. (4.9)

Ménh dé 4.2. Gid st nita nhém W (-) sinh bdi A la lién tuc theo chuan. Khi
do:

1) Véi méi tap bi chan Q C LP(0,T;X), Qu(Q) la mot tap lién tuc dong
bac trong C([0,T); X). Hon nta, ta cé udc lugng sau

vre(Qa(®) < 4 sup / (t— )" Palt — 8)]x - (s))ds.
te[o,1]Jo

2) Néu {f,} C LP(0,T;X) la mot day nita compact, tic la {f,(t) : n >
1} C K(t) vdi K(t) la ho cdc tap compact, va || fn(t)]| < v(t) vdi hau
khap t € [0,T] véi v € LP(0,T), thi {Qa(fn)} la compact tuong doi trong
C([0,T); X). Hon nia, néu f, — f trong LP(0,T;X) thi Qa(fn) —
Qu(f) trong C((0.7]; X).

Chitng minh. (1) Do W () 1a lién tuc theo chuan, ta c6 P,(-) cfing lién tuc
theo chuan (xem [78]). Vay ®(¢,s) = (t —5)* 1 P, (t — s) thda man (®1) — ($2)
trong Meénh dé 4.1. Do d6, ching ta c6 tinh lién tuc dong bac clia Q. (). Khi
do

xpo(Qa()) = sup x(Qa(22)(1)).

te[0,T7]
Ap dung Ménh dé 1.5, ta c6

xrc(Qa(f2)) = sup x (/Ot(t —8)* P, (t — s)Q(s)ds)

te[0,T7]

t
<4 sup / X ((t=8)* 7P, (t — 5)Q(s)) ds
t€[0,7] /0

t
<t sup [t Pl = ) x (s s
te[0,7] J0o
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(2) Tu chiing minh trén, day {Q.(f»)} 1a lien tuc dong bac. Hon nita, ta c6

c@utren =x ({ [ =9 pate =) futsras})
< (=R 9l X (o)) s

:O,

do Ménh dé 1.5. Nhu vay {Q.(f.)(t)} 1a mot tap tién compact, véi mdi
t € [0,7]. Ap dung Dinh 1i Arzela-Ascoli, {Qu(fn)} 1& tién compact trong
C([0,T]; X).

Khang dinh cudi cliing duge chitng minh nhu sau. St dung bat ding thiic
Holder, ta ¢6 Q,, : LP(0,T; X) — C([0,T]; X) la bi chan, suy ra né lién tuc. Do
do, né lien tuc theo topd yéu (xem [15, Dinh 1i 3.10)), tic 1a Qq(frn) — Qa(f)
trong C'([0,T]; X). T tinh tién compact ctia {Qq(fn)}, ta c6 sy hoi tu nay 1a
manh trong C([0,77]; X). Dinh 1i dugc ching minh. O

4.3. SU TON TAI NGHIEM TREN NUA TRUC

Trong muc nay, ta xét o(t) = €% v6i 6 > 0. Véi bai toan (4.1)-(4.3), xét cac

gid thiét:

(A) Co-nita nhém {W (t)}i>0 sinh bdi A la lien tuc theo chuan va bi chan
toan cuc, tic la

W (t)x|| < Mallz||,Vt >0,z € X.

(F) Thanh phan phi tuyén F : RT x X x C([—h,0]; X) — P(X) théa man:

1) dnh za da tri (v,w) — F(t,v,w) la nida lién tuc trén véi moit € RT;
2) anh xa da trit — F(t,u(t),us) c6 ham chon do duge manh vdi moi
u e PCy;

3) ton tai ham m € LY (RT) thdéa man

loc

1@t v, w)|| = supd[[€]] : € € F(t,v,w)} <m(@)([Jof +[wlln),
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vdi moi (t,v,w) € RT x X x C([—h,0]; X);

4) néu W (-) khong compact, ton tai k € LT (R*) sao cho

X(F(t, V,W)) < k(t) X(V)+tes[1_150}x(W(t)) ,

vdi hau khap t € R, va moi tap bi chanV.C X, W C C([-h,0]; X).
(G) Ham g : PC, — C([—h,0]; X) lién tuc va théa man

1) llg(w)|ln < Yy(|lully) vdi moi w € PC,, trong dé Y, la mot ham

thaic xdc dinh trén RT;

2) ton tai s6 khong am n théa man xp(9(D)) < n-Xoo(D) vdi moi tap bi
chan D C PC,, trong dé x la do do Hausdorff trong C([—h,0]; X).

(I) Him I, - X — X,k € A, lién tuc va théa man:
1) ton tai day so thuc khong am {lx}rea sao cho Y, cplkx < 00 va

11k ()] <k |||, v6i moi z € X,k € A.

2) Ton tai day so thuc khong am {ux }kea sao cho

X(Ik(B)) < pux(B),
vd1 moi tap by chan B C X;
3) Day {ty : k € A} théa man infrep(trr1 — tg) > 0.
Véi u € PC,, dat
Ph(u)={f € LY (R";X): f(t) € F(t,u(t),u;) hau khip t € R*}.

loc

Dinh nghia 4.1. Ham u : [—h, +00) — X dugc goi 1a mot nghiém tich phan
ciia bai toan (4.1)-(4.3) néu u(t) + g(u)(t) = @(t) véi t € [—h,0], va ton tai
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[ € PL(u) sao cho

ut) = Sa()p(0) = g()(O)] + D Salt — ti) Ii(ulty))

0<trp<t
t
- / (t — S)O‘_lPa(t — 5)f(s)ds,
0
v6i t > 0.

Véi ¢ € C([—h,0]; X) cho trude, dat F : PC, — P(PC,) la anh xa da tri
xac dinh béi

(

p(t) —g(u)(t),  te[=h,0]

Fu)(t) = Sa(t)[p(0) —g(w)(O)] + > Salt —tr)lk(ults))

0<tr <t

+{ ot = )2 Pt = 5) f(s)ds : f € Phlu)} ¢ >0.

u
Khi d6, u 1a mot nghiem tich phan ctia bai toan (4.1)-(4.3) néu va chi néu n6
1a mot diém bat dong cta todn ti nghiém F.

Dau tién, dé kiém tra tinh déng ctia F, ta chiing minh bé dé sau day.

Bo6 dé 4.2. Gid si ring (F) théa man. Néu {v,} C PC, vdi v, — v* va
fn € Ph(vy) thi fr, — f* trong L}, (RT; X) vdi f* € PL(v*).

loc

Ching minh. Xét {v,} C PC, ma v, — v*, f, € Ph(vy,). Ta c6 {fn(t)} C
C(t) := F(t,{vn(t), (vn):}), ]a mot tap compact v6i hau khap ¢ € RT, do gia
thiét (F)(1). V6i T' > 0 cho trudc, tit gia thiét (F)(3), ta c6 {fnj0,71} bi chan
bdi mot ham LP-kha tich. Theo [33, He qua 3.3], {f.} 1a tap compact yéu
trong L?(0,T; X). Do d6, c6 thé gia st f, — f'* € LP(0,7; X). Ap dung B
dé Mazur (xem [15]), ton tai day f, € co{fi:i >n} sao cho f, — f'* trong
LP(0,T; X). Vi vay fn(t) — f'(¢t) hau khip t € [0,7]. Do F nhan gia tri

compact va F'(t,-,-) 1a nita lién tuc trén, ta c¢6 véi € > 0

F(t,vn(t), (vn)r) C F(t,v*(t),v]) + Be
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v6i moi n dua 16n, 6 day B, 1a hinh cau trong X c6 tam & goc toa do va ban

kinh e. Vay
fa(t) € F(t,v*(t),v]) + Be, hau khap t € [0, T].

Do tinh 16i ctia F' (¢, v*(t), v}) + Be, bao ham thitc trén van dtang khi thay f,,(¢)
béi fn(t). Vay, f15(t) € F(t,v*(t),v}) 4+ B. v6i hau khip ¢ € [0,T]. Do € la bat
ky, ta thu duge f1*(t) € F(t,v*(t),v}) v6i hau khap t € [0, 7).

Lap lai li luan 6 trén cho t € [(j —1)T,jT),7 = 1,2,... tacé f, — f7* trong
LP((j — )T, 4T; X) v6i f7*(t) € F(t,v*(t),v}) v6i hau khap t € [(j — 1)T, 5T).
Ta xac dinh f* € L? (R*; X) nhu sau

loc
fr(t) = f7*(t) néu t € [(j - VT, 5T],
ta c6 dugce dieéu phai chiing minh. O
Bay gio, ta sé chitng minh tinh dong ctua toan tit nghiém.

Bé dé 4.3. Gid st ring (A), (F), (G) va (I) théa man. Khi dé, todn ti

nghiém F la dong.

Chitng minh. Xét {v,} C PC, la mot day hoi tu t6i v* va z, € F(v,) sao
cho z, — z*. Ta sé chiing minh z* € F(v*). Tu dinh nghia cia F, ta lay

fn € P(vy,) sao cho

(

gO(t) - g(vn)(t)a te [—h,()],

an(t) = 4 Sa(t)[w(0) —g(0n)(0)] + D2 Salt —tr)Ik(vn(tr)) (4.10)

0<tr <t

+Qa(fn)(t), >0,

\

trong d6 @, da dugc dinh nghia trong (4.9). Tu Bo dé 4.2, f, — f* trong
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Lp

loc

R*: X) véi f* € PL(v*). Ta sé chitng minh
( F g

p

p(t) —g(v)(t), t € [=h, 0],

2 (t) = 4 Sa(B)[p(0) —g(w)O) + >0 Salt —tr)lk(v"(tk)) (4.11)

0<trp<t

+Qa(f)(t), t > 0.

\

Vé6i t € [—h,0], do g lien tuc, ta ¢6 ngay diéu can ching minh. Véi t > 0, lay
T > 0 sao cho t < T, 1i luan tuong tu nhu trong chitng minh Bo dé 4.2, ta
c6 day {fnljo,r)} 1& nita compact. Ap dung Menh dé 4.2, Qo (fn) — Qa(f*)
trong C([0,7]; X) va Qa(fn)(t) = Qu(f*)(t) trong X. Do tinh lién tuc cta g
va Iy, chuyén qua gidi han trong (4.10) ta thu dugc (4.11). Dinh li dugc chiing
minh. O

Tu day, ta sé ching minh tinh nén ctia toan tit nghiém.

Bo dé 4.4. Gid thiét nhu trong Bé dé 4.3. Néu

t
C:=nMa+ My Z px + 88up/ (t — 8)* Y|Py (t — 5)|| k(s)ds < oo, (4.12)
keA £20 J0

ta co

vdt mot tap bi chan D C PC,.

Chitng minh. Xét D C PC, la mot tap bi chan. Véi v € D, ta biéu dién
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F(v) = F1(v) + Fa(v) + Fz(v), trong do6

p(t) —g(v) (), t € [=h,0];

> Salt —t)lk(v(ty)), t>0,
Fov)(t) = { 0<ti<t

0, t € [—h,0];

(
(
) Qo o Ph(v)(t), t>0,

0, t € [—h,0].

\

Tt tinh chat nita cong tinh dai s6 ciia x oo, ta co
Xoo(F (D)) < Xoo(F1(D)) + Xoo(F2(D)) + Xoo(F3(D)).

V6i 21, 20 € F1(D), ton tai ui,us € D dé

(

Sa(t)[(0) = g(u1)(0)], =0,

z1(t) = <
L e(t) — g(ua)(®), t € [~h,0]
i | 50RO g0, 20
L P(t) — g(u2)(t), t € [~h,0].
Do do6
Sa t Uyr) — gluz , t> 0,
122 () — 22(0)]| < 1Sa (@) lllg(ur) — g(uz)|ln
lg(u1) — g(uz2)|ln, t e [—h,0).
Ta thu dugce
|21 — 22||p < Mallg(ur) — g(uz2)||n-
Vay

xpe(Fi(D)) < Maxn(g(D)).
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Ap dung (G)(2), ta c6

Xoo (F1(D)) < nMa Xoo(D).

Bay gio, ta xét 21,20 € Fo(D), khi d6 ton tai uy,us € D théa man

at) = z(t) = Y Salt = te)[Ix(u(te)) — In(uz(te))].

0<tp <t

Do do

121 = 22llp < Ma Y [ I(ur(t)) — L (uz(te))]].
keA

Vay

Xoo(F2(D)) < Ma Y~ x(Ix(D(tr)))
ke

< Ma ) ux(D(tr))
KeA

< (Ma Y i) xoo(D),

kEA
do gia thiét (I)(2).
Xét F3(D), ta c6 Q = Ph(D)| 0.7 bi chan LP(0,T; X), do d6

mr(F3(D)) = Qa(9),

va ta c6 danh gia

xpo(rr(F3(D))) <4 Sup]/o (t =) HPalt = )]l - x(Q(s))ds,

tel0,T

do Menh d& 4.2. Tit (F)(4), ta c6

x(Q(s)) < x(F (s, D(s), Ds))

< k(s)[x(D(s)) + sup x(D(s+1))]
re[—h,0]

< 2k(s)xpc(mr(D)).

(4.13)

(4.14)

(4.15)
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Thé vao (4.15), ta thu duge
xpc(mr(F3(D)))

< (8 sup / (t —5)* | Py(t — S)Xk(s)ds> xpc(mr(D)).
]1J0

te[0,T

Do do

XelFD) < (85 [ 6= 9" st = kIS ) xalD). (010)

Két hop (4.13)-(4.14) va (4.16), ta thu dugc
trong d6 ¢ dugc xac dinh béi (4.12). Dinh 1i duge ching minh. O

Bo dé 4.5. Gid thiét nhu trong Bo dé 4.3. Gid si

9= t>g/0 ot —5) (s)ds < oo, (4.18)
- F(t—s)* | Palt — S Vs < oo
K= t>g /Ut ol —5) (s)ds < o0, (4.19)

vdi o € (0,1), khi dé

vdt mot tap bi chan D C PC,.

Chitng minh. Xét D C PC, la mot tap bi chan. St dung phan tich F =
F1 + F» + F3 nhu trong chitng minh Bo dé 4.4, ta sé chitng minh

doo (F1(D)) = doo (F2(D)) = 0.
Véi € > 0 cho truée, ta sé chiing té rang ton tai 7' > 0 sao cho

| Fi () (@]

R e, VE>T,ve D,i=1,2.

o(t)
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Chon R > 0 théa man sup{||v||, : v € D} < R, ta c6, véi t > 0

IF @Ol _ 1S.(0)]
i <y el gl

M
< 228 el + 2 (lolo)
< DS Ol o, v w,(r))

o(t)

<e forallt>1Ty, YveD,

do ”S(g)” — 0 khi ¢ — +o0.

Xét Fo, chon Ny € A sao cho

€
RM4 E I, < 5
k>Np

Chon T5 > 0 thoa man

[Sa(t)]]
W)Rg;z<—w>n

Khi d6 v6i méi v € D, tur (I)(2) ta cod

7@ 1 )
o{t) kEZA”S (t — t) 12 (v ()
ZHS llikllo(t)|
kEA
<5 3 ISalt =t + ot
Ic<NO Q() hS N
[[Sa(t = tu)ll
<Rk:;\f o(t —tx) l+RMAk>ZN0lk:

<§+§:E,thTQ+tNO.

do (4.21)-(4.22) va o(-) 1a khong giam, o(t) > 1,Vt > 0.

(4.21)

(4.22)

Bay gio, ta s& danh gia d (F3(D)). Lay z € F3(v),v € D. Chon f € PL(v)

sao cho

2(t) = /0 (t —s)* 1P, (t — 5)f(s)ds,t > 0,
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ta co
2(t)] — ) H[Palt = s) | /(5]
o(t) S/ o(t —s) o(s) dS
< ( ) (t,s)ds, (4.23)
trong do

(t — 5)* M| Palt = s)|lm(s) [[v(s)]| + [[vslln
o(t — s) o(s) ’

do (G)(1) va (F)(3). Lay ¢t > 0 sao cho ot — h > 0. Ta ¢6, véi s € [0, o],

O(t,s) =

lo()l +llvslla _ 1 s lofs o
o(s) = Q(S)(H ()||+T€[_I;7O] [v(s + 7))
1
< @(HU(S)H + TGS[gIh)’O] [o(T)] + Til[lol?s] [v(T)])

1
< sup ||U(T)|I+@(||v(8)||+ sup |[o(7)]))

TE€[—h,0] T€0,s]
[v(s)]] [v(7)]]
< sup |u(7)]| + + sup
T€[—h,0] Q(S) T€[0,s] Q(T)

Do do

/Ut O(t,s)ds < 2R /Ut (t =) T Palt = S)Hm(s)ds
0 0

ot — s)
YA VAU
S T
< 2R
=Ty

(4.24)

trong d6 ¥ dugc cho trong (4.18). Mat khac, v6i s > ot ta c6

[o(s)ll + llvslln 1
o(s)

(lo(s)I+ sup [[v(s + 7))
(8) TE€[—h,0]

lo(s)] Jo(s + 7)1
os) e st
)

I [o()l]

[o(r)]]
< sup sup <2 sup .
r>ot Q(T) r>ot—h 0(7”) r>oct—h Q(?“)

)

IN
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Khi do
t - t (t—s)a—l“Pa(t—S)H [Breall
/Ut@(t, s)ds < </Ut m(s)ds) 2 sup

o(t —s) r>ot—h  O(T)

[o(r)]]
< 2Kk sup , 4.25
r>oct—h Q(?“) ( )

trong d6 & duge dinh nghia trong (4.19). Ap dung cac danh gia (4.24)-(4.25)
vao (4.23), ta co

Bl 2RY lo(r)]
ot) ST —oygia TP T

véi moi t > 2, v € D,z € F3(v). Tit bat déng thic cudi suy ra
doo(F3(D)) <2k - doo(D).
Bé dé dugc chiing minh. O
Két hop cac Bo dé 4.4 va 4.5, ta thu dugc bo dé sau.

Bé dé 4.6. Gid st ring (A), (F), (G) va (I) théa man. Khi dé, todn ti

nghieém F la x*-nén vdi dieu kién

t
0 =nMy+ My Z . + SSup/ (t — 8)* 1| Py (t — s)|| k(s)ds < 1, (4.26)
0

keA £20
ot
[ Pa(t = s)|l

¥ = su / ——m(s)ds < oo, 4.27
t>g 0 o(t — s) (s) ( )

t ~1

(t—s)* [ Palt — s)| 1

= ds < —, 4.28
S /Ut -5 P 429

vdi o € (0,1).
Chiing minh. Tu Ménh dé 4.4 va 4.5, v6i moi tap bi chan D C PC,, ta ¢6
Xoo(F (D)) + deo(F(D)) < max{l, 2k} - (Xoo (D) + doo(D))-

Vay
X*(F(D)) < max{{,2x} - x* (D).
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Néu x*(F(D)) > x*(D) thi x*(D) < max{/,2x} - x*(D), nhu vay x*(D) =0
do max{/,2x} < 1. Khi d6 D la tap compact tuong doi. a

Dinh i 4.1. Gid thiét nhu trong Bo dé 4.6. Gid su

(1+ MA)gglgg +Ma) by
kb B (4.29)
+28up/ (t = 8)* [[Palt = s)llm(s) , 1.
t>0 Jo o(t —s)

khi dé, bai todn (4.1)-(4.3) ¢ it nhat mot nghiém tich phan trong PC,.

Chatng minh. Tit Bo dé 4.3, ta c6 F la dong. Hon nita, F la x*-nén do Bo6 dé
4.6. Ngoai ra, F nhan gié tri compact. That vay, véi v € PC,, ta c6

X' (F(v)) < max{l, s} - x"({v}) = 0.

Tic 1a x*(F(v)) = 0 va do d6 F(v) 1a tap tién compact do Bb dé 4.1. Tt tinh
déng ctia F, ta c6 F(v) la compact.

Dé 4p dung Dinh 1i 1.5, ta con phai chitng minh ring ton tai R > 0 sao cho
F(Br) C Bg,

trong d6 Bg 1a hinh cau trong PC,, tam tai gdc toa do, ban kinh R.

Dau tien, ta sé kiem tra F(PC,) C PC,. Lay v € PC,, thi ds({v}) = 0.
St dung (4.20), ta ¢6 doo(F(v)) = 0. T d6 ta c6 F(v) C PC,.

Bay gio, ta sé chiing minh ton tai R > 0 théa man F(Bg) C Bg. Gia st
ngugc lai, v6i méi n € N, ton tai v, € B, v z, € F(v,,) sao cho [|z,], > n.

Chon f,, € PL(v,) théa man

;

gp(t) - g(vn)(t)7t S [_ha 0]7
Zn(t) =  Sa(t)[p(0) — g(va)(0)] + >0 Salt —ti) Ik (vn(tr))

O<tr<t

—i—fo YXIPL(t — 8) fn(s)ds,t > 0,

\
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ta thu duge, v6i moi t > 0,

Hzn(t)H <||Soc(t)H HSoc(t_tk:)H an(tk)”

< + v, (|lv, + l
t -1
(t = 8)* [Palt = 9 Nlvn(s)ll + [[(vn)sln
+ m(s)ds,
L o6) (#)
nhd céc gid thiét (G)(1), (I)(2) va (F)(3). Do
[|Sa(t)]]
< My, Vt >0,
o(t) 4
[vn ()]l <n Vs>0,
o(s)
[ (vn)sln 1
< sup ||vp(s+ T
o(s) 0(8) re[—h,0] on )l
< sup Un(s+ T
rel—ho) @(s +T) on )l
< HUnHQ <n,
ta co
n(t
Lon O < g ol + 9, m) + s S0
o(t) =
t -1
(t —8)* [ Pult — 5)|
+ 2n/ m(s)ds.
: o) )
Tu do, ta co
[2nlle 1 ( IIZn(f)H)
1 < - = — n +
. — \ lznlln Sup
t . a—1 .
o (L MAUEAD R0 | gy, 5 g [ P
n ke t>0Jo o(t — s)

Chuyén qua giéi han bat dang thic cudi, ta thu dugc diéu mau thuin véi
(4.29). Dinh li dugc chitng minh. O

4.4. TINH ON DINH YEU

Trong muc nay, dé ching minh tinh on dinh yéu ctia nghiém khong, ta phai

thay cac gia thiét (A), (F) and (G) béi cac gia thiét manh hon:
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(A*) Nita nhém W (-) sinh bdi A la lien tuc theo chudn va on dinh mi, tic la

ton tai B > 0 sao cho

IW(t)a| < Mae |||, ¥t > 0,2 € X.

(F*) Ham phi tuyén da tri F théa man (F) véi m € LY(RT)N LY

loc

(RT).

(G*) Ham khong cuc bo g thoa man (G) voi Wy(r) =v-r,Vr >0, d day v la

mot hang so duong.
Ta c6 ménh dé sau day.

Meénh dé 4.3. [5] Néu gid thiét (A*) théa man, thi cdc todn ti gidi thiic

Sa(+), Po(+) la on dinh tiem can, tic la
1S (O], [| Pa(E)]] = 0 khi t — +oc.

Nhu vay, trong muc nay, chon o(¢) =1 v6i moi ¢t > 0, ta ¢

[SaOI [ Pa(®)]]
o(t) 7 oft)

— 0 khi t = +o0.
Xét khong gian

PCy={ue PC([—h,+0); X): lim u(t) =0},

t—+o00
v6i chuan

[ulloo = sup [lu(®)].
t>—h

Khi do, PCy la mot khong gian Banach. Xét anh xa nghiém F trén PCy va li
luan tuong tir nhu trong Muc 4.3., ta chitng minh dugc sy ton tai clia nghiém

hat toan cuc nhu sau.

Dinh 1i 4.2. Gid si (A*), (F*), (G*) va (I) théa man. Khi do, bai todn
(4.1)-(4.3) ¢6 nghiém tich phan théa man ||u(t)|| = o(1) khi t — +o0, vdi diéu
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kién

t
C=nMa+Ma)  p+ 8sup/ (t — 8)* 7| Py (t — s) |l k(s)ds < 1, (4.30)
keA 20 J0

t
w = (1+MA)V+MAZlk+2sup/ (t —5)* | Po(t — s)||m(s)ds < 1.
= >0 Jo

(4.31)

Chatng minh. Trong trudng hop nay, cac gid thiét clia Bé dé 4.6 va Dinh 1i 4.1
déu théa man. Do m € L*(RT), ta c¢6 diéu kién (4.27) thda man. Hon nita, diéu
kien (4.28) dugc suy ra tu (4.31), trong khi diéu kien (4.31) chinh 1a (4.29).
Nhu vay, ta c6 ngay diéu phai chitng minh. O

Sau day la dinh 1i chinh ctia muc nay.

Dinh i 4.3. Véi cdc gid thiét ciia Dinh li 4.2 théa man. Khi dé, nghiém khong

ctia bai todn (4.1)-(4.3) la on dinh tiém cin yéu.

Chiing minh. Dat X(p) 1a tap cac nghiém tich phan ctia bai toan (4.1)-(4.3)
v6i dieu kien ban dau ¢. Ta thay 0 € X(0) do F(t,0,0) = 0, g(0) = 0 va
I(0) = 0,k € A. Tt Dinh Ii 4.2 ta ¢6, v6i mdi ¢ € C([—h,0]; X) ton tai
u € () sao cho ||lu(t)|| — 0 khi ¢ — 4o00. Do d6, ta co ||ut]|r — O khi
t — 400, tidc 1a nghiem khong 13 hat yéu. Nhu vay, ta con phai ching minh
rang nghiém nay la 6n dinh.

Xét p € C([—h,0]; X) va u € 3(p), khi do, ton tai f € PL(u) sao cho

u(t) = ¢(t) — g(u)(t), t € [=h,0],
u(t) = Sa()p(0) = g(W)(O)] + D Salt = ti) I (ulty))

0<trp<t

_|_/0 (t—5)* " Py(t—s)f(s)ds, t > 0.
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Stt dung céc gia thiét (F*), (G*) va (I), ta ¢6

[u@®I < llelln + viullo, t € [=h,0],

lu()]| < Ma(llelln + viiwloo) + Mallullso Y I
keA

t
+2fullocsup [ (¢ 5)* | Pat — 5)m(s)ds. t >0,
t>0 Jo
trong d6 || - |leo 1& chuan trong PCy. Tit cac wde lugng nay, ta cd

t
[ulloo < {(1+ Ma)v+Ma > 1+ ZSup/ (t — )| Po(t — s)||m(s)ds | ||u]|oo
keA t>0.Jo

+ (1 + Ma)llelln-
Do dé6
1+ Mgy

— W

luelln < flulleo < lelln, vt >0,

trong d6 w dugc cho trong (4.31). Bat dang thtic cudi nay cho ta tinh én dinh

ctia nghiém khong. Nhu vay, dinh 1i dugc chitng minh. UJ
4.5. AP DUNG

0 muc nay, chung toi 4p dung cac két qua tritu tuong dat duge & trén cho mot

hé vi phan luéi

Cciit;.;ui(t) = (Au(t))z + fi(t), t > O,t 75 tr, ke N, (4.32)

fi(t) € [fri(t, uit), ui(t — p(t))), fai(t, wi(t), ui(t — p(t)))], (4.33)

Aui(ty) = Lig(ui(tx)), (4.34)
N

u;(s) + Z c;jui(m; +s) = wi(s),s € [-h,0],7; >0, (4.35)

«

d
trong d6 u = (u;) : [—h,+o0) — £2, g7y la dao ham theo nghia Caputo bac

€ (0,1), A: % — £? 13 toan tit tuyén tinh xac dinh béi

(Av)i = Vi41 — (2 + )\)’Ui +v,_1, v E 62,
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p: Rt — [0, ] 12 mot ham lien tuc, A 1a mot sé duong. O day ¢2 1a khong gian

cac day (v;)iez thoa man >, , v? < oo, va 1a mot khong gian Hilbert véi tich
vo huéng (u,v)pee = ),y wivs, ki hieu [f1, fo]l = {tfi+ (1 —71)f2 : 7 €[0,1]}.

Hé vi phan dang lu6i nhu (4.32)-(4.35) xuét hién trong nhiéu bai toan thuc
tién, vi du nhu xit i 4nh, bai todn nhan dang mau, ky thuat dién,... N6 cung
c6 thé dude coi nhu mot moé hinh nitta rdi rac ciia bao ham thiic dao ham riéng

bac phan sb

0 02
a?u(x,t) = ﬁu(x,t) —du(x,t) + f(xz,t), € Rt >0,
f(l', t) € [fl(x? t?”(xa t)?“(xat - p(t))), f2<x7t7 u($7t)7 u(xat - p(t)))],

Au(:z:, tk) = Ik<337 u(z, tk))a
N

u(x,s) + Z cju(z, 75+ 5) = ¢(x,s),s € [-h,0],
j=1

trong d6 ta roi rac hoa bién z.
Xét B : 2 — 2 1a toan tit tuyén tinh dinh nghia béi (Bv); = v;41 — v;, thi
B* dugc xac dinh béi (B*v); = v;_1 — v;. Hon nita, néu A 02 — 02 duge xac

dinh béi (Av); = vy — 20; + v;_; thi
—A = BB* = B*B.

Tacé6 A = A — M\ 13 toan ti bi chin trén £2. Do d6 nita nhém {et4:t >0} la
lien tuc déu (xem [34]) va do d6 n6 lien tuc theo chuan. Tuy nhién, nita nhém
nay 13 khong compact, do né c6 thé mé rong thanh nhom {e*4 : t € R} va
toan ti I = e4e~*4 13 khong compact.

Dé thu dugc két qua én dinh mii ctia {e*4 : ¢ > 0}, ta xét he

do(t) T 2
e Av(t) — o(t), v(t) € £7.
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Nhan hai vé véi v ta c6
= (Au(t),v(1)) = Ao (t)||?
= —(B*Bu(t),v(t)) — Alv(t)|I* = = [|Bv(®)]|* = Allv(®)|]*
< =A@
Ap dung Bé dé Gronwall ta c6
lo@)] < e *[lu(0)],

va do d6 [[etd]| < e t > 0, titc 1a nita nhém {e” : ¢ > 0} 1a 6n dinh mil.
Nhu vay, gid thiét (A*) thoa man.

Trude khi xét t6i cau tric ctia he (4.32)-(4.35), ta nhac lai vé do do Haus-
dorff trong ¢? (xem [10, Dinh i 4.2]). Goi R, : £2 — ¢? 1a toan ti tuyén tinh
xac dinh béi

Ru(v) = > wiei,

li|>n

trong do6 e; = (6;5)jez. Khi dé x : 20 s R+ dudgc xac dinh béi

X(B) = limsup[sup | R, (v)|]] = lim sup [sup ( > |vz~|2) é]

n—+oo veEB n—+oo [veB .
li|>n

13 do do Hausdorff trong ¢2.

Bay gio ta xét cac gia thiét
(N1) Cac ham fi;, fo; : RT x R2 — R, i € Z, lién tuc va théa man
max{| f1i(t, y, 2)[°, | fai(t, 9, 2) [} < mP(@)(|y[*+2[%), ¥(t,m, 2) € RT xR?,
trong d6 m € C(R*;R*) thdéa man

m(t) <

(N2) Cac ham I;; : R — R, i € Z, k € N, la cdc ham lién tuc va

L (y)] < lelyl,
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v6i {lx : k € N} la mot day khong am théa man ), I < oo.
Xét f1, fo : RT x £2 x C([~h,0];£?) — £2 1a cac ham dugc xac dinh nhu sau

fl(t7v7w) = (fli(taUiawi(_p(o))))iez)
fa(t,v,w) = (f2i (¢, vi, wi(—p(0))))icz-

Nhu vay fi, fo 1a lién tuc. Hon nta, tit (N1) ta c6

1t v, w)P = [ fralt, vy wi(=p(0)))[?

1EZ

<m?(t) > (vl + |wi(—p(0) )

— m2(t)(||v]|® + [Jw(—p(0))||?

<m*(t)(|lv]* + sup Juw(s)]?).

s€[—h,0]
Tuong tu
1f2(t, v, )| < m* @) ([0l + sup |lw(s)]]*).
sE[—h,0]
bat

F(t,v,w) = [fi(t,v,w), fat,v,w0)],v € £2,w € C([~h,0];£%),

ta co
[E(¢, v, w)|| < m@)([[vll + [[wlln)-
Mat khac, véi méi (t,v,w) € RY x £2 x C([—h,0];£?), F(t,v,w) la mot tap 16,
tigc 1a, F'1a ham da tri v6i gia tri 16i. Ngoai ra, F(t,v,w) C span{ f1(t,v,w), fa(t, v, w)},
tic 1a F(t,v,w) 13 mot tap bi chan ndm trong khong gian con hai chiéu ctia £2,
do d6 F(t,v,w) la compact. Do f1, fo lién tuc, ham da tri (v, w) — F(t,v,w)
dong. Diéu nay kéo theo F'(t,-,-) la nita lien tuc trén v6i mdi ¢ € R. Cha y

rang v6i mdi u € PCy, 7 € [0,1], ham

F@) = 7fi(t,u(t), ut = p(1))) + (1 = 7) fa(t, u(t), u(t = p(1))), 7 € [0,1]

l1a do dugc manh. Vay, (F)(1)-(F)(3) théa man.
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Bay gio, ta danh gia x(F(t,V,W)) v6i V. C £2,W C C(|—h,0];£?) la cac
tap bi chan. Ta c6

sup  ||Rn[f1(t, v, w)] (Z | f1i (¢, vi, wi(—=p(0 )))2)

(’l),’lU)GVXV | |>n
1
2

<m(t) sup (Z [U¢2+wi(P(0))|2})
[i]>n

(v,w)eV xV
m su v; |2 w;(—p(0)|?
< “)@,w)é&wl(g ) +(Z (—p( ))) ]
< m(t)] sup > il ) + sup (Z Iwi(p(O))2>
LveV ( i>n weW li|>n :|

= (1) sup | B} + sup [~ <>>>||].

LveV weW

Qua gidi han bat dang thic cudi cling, ta dudc

X(f1(t, V.W)) <m(t)[x(V) + x(W(-p(0)))]

<m(t) [x(V) + S X(W(s))].

Ii luan tuong tu cho fo, ta co

X(f2(£, V,W)) < m(t) [x(V) + s X(W(s))].

Ta c6

F(ta‘cw) - CO{fl(t,‘/,W) U f2(t7‘/7W)}7

X(F (VW) < x (filt, VW) U fa(t, V,W))
S maX{X (fl(t7 V7 W)) » X (f2<t7 ‘/a W))}

< m(t) [x(V) + S X(W(s))].
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Nhu vay (F)(4) théa man va nhu vay (F*) cting duge théa méan véi k = m
Ta xét I, : £ — (2 k € N, xac dinh baéi

I (v) = (Lik (vi))iez.-

Tt tinh lién tuc ctia I;; suy ra tinh lién tuc ctia Ix. Hon nta, tit (N2) ta c6

k()] = <Zfik(vi)2> <l (Zlvi2>

1€ 1€EZL

= li[|v]-

Do d6 (I)(1) duge théa méan. Véi V' C £2 1a mot tap bi chan. Ta c6

2

sup || Ra(T(0)) | = sup | 7 1L(v)
veV ji[>n
1
2
<lpsup | > foil* | = lsup [[Ra(v)].
veV li|>n veV

Qua gidi han bat dang thitc cudi khi n — +oo, ta thu duge

X(Ie(V)) < lix (V).

Nhu vay, gid thiét (I) théa man véi pup = lg, k € N, v6i dieu kien inf{tgq — 1t :
k € N} > 0.

Dé6i v6i diéu kien khong cuc bo, xét ham g : PCy — C([—h,0]; £?) x4c dinh
bai

Mz

cjuZ T; + s
J=1

Tu do ta co, v6i u,v € PCy,

2

lg(u)(s) = <D lejlllulry + ) = v(7; + 9|

_7:

<Dl £ [u(t) — v ()]

—h,7N]

IA

J=1
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Diéu nay kéo theo

N
lg(w) — g(v)ln < Z 5] ] [lw = vl pe—n,raie2)-

Bat dang thic cudi nay cho ta

N
lg(lln < | D lesl | ulloo,

N
xn(g(D)) < Zlcg! xpc(mr(D)), T = 1n,

(B

|Cj’ Xoo(D)'

Do d6 (G*) théa méan v6in=v = Zj\;l |l

Cubi cung, ta dua ra uéc lugng cho tich phan

1(t) = / (t — ) V[ Palt — )| m(s)ds

Chi ¥ ring trong trudng hgp nay [[ef4| < 1, do d6 ||P.(t)|| < a),Vt > 0.
Vay
Com 2 (t—s)ot bt —s) !
I(t) < — d d
()_F(a) </o 14 sotl S+/; 1+ sot!
a—1 ha t
m t> /2 ds 1 / 1
<—— 1|z - - (t—s)*""ds
['(a) ((2 o 1+s*t (1 )y
Chm 1
< —(J()+ —
<y (V0 +3).
trong do6
a—1 i3
t 2 ds
Jit) = (L
(*) (2) /0 1+ satl
Do
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ta 6 sup,sq J(t) < 0o, vAy sup,sq [(t) < oco. T cac dieu kien (4.30)-(4.31)
thda méan véi cdc he s6 Cy, I, ¢; nhé, ta thu duge tinh 6n dinh tiem can yéu

ctia nghiém khong cia hé (4.32)-(4.35).
4.6. TRUONG HGQP BAI TOAN DON TRI

Trong muc nay, ta xét mot trudsng hgp dic biét ctia bai toan (4.1)-(4.3), d6 1a
khi ham F' la ham don tri, ky hiéu la f. Khi do, bai toan tré thanh

CD8u(t) = Au(t) + f(t,u(t), ur), t # t, tp € (0,+00),k € A, (4.36)
Au(tk) = Ik(u(tk)), (4.37)
u(s) + g(u)(s) = p(s), s € [—h,0]. (4.38)

DAéi vé6i bai toan don tri nay, ta chiing minh sy ton tai duy nhat ctia nghiém

phan ra u € PCq véi cac dieu kien:

(Aa) Nita nhém W (-) sinh bdi A la lién tuc theo chuan va on dinh mi, tic la

ton tai B > 0 sao cho

W (#)z]| < Mae™ |||, ¥t > 0,2 € X.

(Fa) f(-,v,w) do dugc véi méiv € X, f(t,-,-) lién tuc hau khapt € RT, f(¢,0,0) =

0, va ton tai k € LP(RY),p > L théa man
1t v1,w1) = f(t,v2,wa)|] < k(@)([Jor — val| + [[wy — walln),t € RT,
vdi Mot vy, ve € X, wy,wy € C([—h,0]; X).
(Ga) g la mot ham lién tuc théa man g(0) = 0 va ton tai s6 khong am n dé
[lg(w1) = g(w2)l],, < nl|wi — walleo,

vd1i moi wi,ws € PCy.
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(Ia) Iy, k € A, lién tuc, I;;(0) = 0 va ton tai mot day {ux},k € A théa man

1k (2) = Tk ()] < pellz —yll, v6i moi 2,y € X.

Xét toan tit nghiém F trén khong gian PCy, 4p dung nguyén li anh xa co
Banach, ta c6 dinh Ii sau vé sit ton tai va duy nhat nghiém phan ra cia bai

toan (4.36)-(4.38).
Dinh li 4.4. Gid st (A), (Fa), (Ga), (Ia) va (R) théa man. Khi do, bai todn
(4.36)-(4.38) ¢6 duy nhat nghiem u € PCq, vdi dieu kién

¢
(n + Z ,uk)MA + 2sup/ (t — 8)* | Py(t — s)||k(s)ds < 1. (4.39)
keA £20 J0

Chatng minh. Dé ching minh dinh li nay, ching ta sé sit dung nguyén li anh
xa co Banach. Dau tien, ta ching minh F gitt bat dong PCo. O day, ta goi

Fu)(t) = Sa()lp(0) = g(w)(O)] + Y Salt = ti)x(ultr))

O<tr<t

+/0 (t —8)* " Py(t — s)f(s,u(s),us)ds,t > 0.

Lay u € PCy ma R = ||u||lsc > 0. Ta sé& ching minh F(u) € PCy, tiic la,
F(u)(t) — 0, khi t — 4o0.

Vé6i € > 0 cho truée, ton tai 77 > 0 ma

u()|| <€Vt > 11, (4.40)
Nutl|ln = sup  ||Ju(t+7)|| <€Vt >T1 + h. (4.41)
T€[—h,0]

Mat khac, tir gid thiét > ur < 400, ton tai Ny € N théa man
kEA
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Do do, véit > 0,

|[F ()OI < [1Sa @Il + [lg(w)]n)
+ > [1Sa(t =t e (u(t)|

k< Ny

+ ) 1Salt =)l [Tk (u(t)]|

k> Ny

n / (t = )27 H|Pa(t — )|l || (s, uls))]|ds

< [1Sa@I([[#l[n +nR)

+ R Z |[Sa(t = ti)l| e + RMa Z Ik
kSNO k> Ng

+/ (t = )| Palt — 8)|1k(s) (lu(s)|] + ||us||n)ds
0

= E1(t) + Ea(t) + Es(t)
trong do

E1(t) = [[Sa@II(elln +nR),
Ey(t)=R > |[Salt —ti)|| pr + RMa Y pr,

k<Np k> Ny
t
Es(t) = /0 (t =) H[Pa(t = )l k(s) (|uls)|] + [[us]n)ds.
Tu gid thiét (Aa), ton tai 7o > 0 thdéa man
1Sa(®)]| < €& [[Pa(t)]] < €Vt > T,
Vi vay
E1(t) < (1+1)Re, Vt > T. (4.42)

Ngoai ra, ta co

Ea(t) < ( 3 ,uk—i-MA)Re, Vt> Ty + ty, . (4.43)
k<Np
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Bay gio, ta xét F3(t), v6it > Ty + h ta ¢
T1+h t
Bt = ([ [ )= Rl = I G) () + [l )

0 Ti+h

Ti+h
< 2R/ (t — 8)* 7| Po(t — 5)|| k(s)ds
0

+ 2¢ /Tﬁ_h(t — 8)Y | Pa(t — s)|| k(s)ds

Vi vay,

Ti+h
Es(t) < 2Re/0 (t—s8)* T k(s)ds

+26/T1+h(t—s)o‘_ || Pa(t — s)|| k(s)ds

v6i t > Th + T, + h. Khi do6, ap dung bat dang thic Holder, ta c6
Ti+h , 1/]9/ Ti+h

Bs(t) < 2Re( / (t — s)(@=Dp ds) ( /

0 0

+2€/Tl+h(t—s)°‘_ | Po(t — s)|| k(s)ds

< (QRCa(t) [kl|lLe @ty + 1)6 (4.44)

((s))"ds) v

v6i t > Ty +T1 + h, trong dépl:Ll’
p_

1/p’

A (A s L | S

Calt) = {
®) (a—1)p +1
dén day, ta sit dung tinh chat

2/Tl+h(t—s)°‘_ 1P (t — 8)|| B(s)ds < 1

tur (4.39). Két hop (4.42), (4.43) va (4.44) cho ta
|F(w)(0)]| < Ce
v6i t > max{Ty + 11 + h,T5 + tn, }, trong do6

= (1+n)R+( > Mk+MA>R+2RC’a(t)||kHLp(R+) 11
k<Np

< +mR+ (D e+ Ma) R+ 2RCa (1) [|El|pogas) + 1.
keA
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1 1 )
Véi Cyp(t), titp > —, p' < o ta thay 0 < (o — 1)p’ +1 < 1. Tu d6
o —

gla=P'+1 _ ¢y — p)leDp'+1 — yla—1)p'+1 [1 _ (1 I+ h>(a—1)P +1]

t
~ [(a = 1)p" + 1](Ty + h)t @D khi t — co.

Do d6 C,(t) 1a bi chan, vi vay C ciing bi chan. Tu d6 suy ra F(PCq) C PCy.
Nhiém vu con lai ctia ching ta la chiing minh F la anh xa co. That vay,

v6i u,v € PCy, ta co

|| F (u)(t) — F(v)(@)]]
< |ISa(@®)|] [lg(u) = g(v)||n
+ > Salt = )1 Tk (ute)) — Tn(v(te))]|

O<tr <t

+ /0 (t =) I Palt = s)I1£ (s, u(s), us) = f(s,0(s),vs)llds

< Manllu—vllo+ (Ma D0 pe)llu = vllc

0<tr<t
t
w2 [ (= IPalt = 9| K(s)ds) u = ol
0
nhd céc gid thiét (Fa), (Ga) va (Ia). Do dé6

[1F (1) = F0)lloo < €lJu = |0,

vl
t
£=(n+ Y )Mo 25up [ (= 5" [Palt = ) (s)ds < 1.
keA t20 J0
Vay, ta c6 két qua can chitng minh. d

Két luan Chuong 4

Trong chuong nay chiing toi nghién citu tinh on dinh yéu cho 16p bao ham
thitc vi phan bac phan s6 c6 xung, tré hitu han véi dicu kien khong cuc bo.

Cac két qua dat duge bao gom:
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1) Ching minh sy ton tai nghiém trén nita truc ctia bai toan tong quat

(Dinh 1 4.1).
2) Chiing minh tinh on dinh tiém can yéu ctia nghiém khong (Dinh 1f 4.3).

3) Ap dung két qua tritu tugng thu dude, ching minh tinh én dinh yéu ciia

mot hé vi phan lusi (Muc 4.5).

4) Trong truong hgp bai toan don tri, chiing minh sy ton tai va duy nhat
nghiém phan ra (Dinh li 4.4).

Theo su hiéu biét clia tac gid, cac két qua nay la nhitng nghién ctu dau
tién vé tinh on dinh cho 16p bai todn dang (4.1)-(4.3). Cac k§ thuat u6c lugng
tich phan bac phan s6 va uéc lugng theo do do khong compact c6 thé st dung
dé nghien cttu tinh 6n dinh nghiém cho nhiéu 16p bai toan theo huéng st dung

Iy thuyét diém bat dong.
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KET LUAN VA KIEN NGHI

1. Cac két qua dat dudgc

Trong luan an nay ching t6i da nghién cttu dang diéu tiém can ctia mot
s6 hé vi phan da tri trong khong gian Banach tong quat. Luan an da dat dudc

cac két qua sau:

e Do6i v6i 16p bao ham thic vi phan c¢6 tré hitu han ma phan tuyén tinh
sinh ra nita nhém tich phan: Chitng minh tinh giai duge toan cuc va sy

ton tai tap hit toan cuc ctia nita dong da tri sinh béi bai toan.

e Déi véi 16p bao ham thitc vi phan dang da dién, phan tuyén tinh sinh
ra nita nhém tich phan: Chitng minh dudce sy ton tai nghiem déi tuan

hoan.

e Ddi véi 16p bao ham thic vi phan bac phan sb, c6 xung, v6i dieu kién
khong cuc bo va tré hitu han: Chitng minh dugce tinh gidi duge trén nta
truc va tinh 6n dinh tiém can yéu. Trong truong hop dic biet, ham phi
tuyén don tri va théa man diéu kién Lipschitz, ching minh dudc sy ton

tai va duy nhat nghiém phan ra.
2. Kién nghi mot s6 van dé nghién ciu tiép theo

Bén canh cac két qua da dat dugc trong luan an, mot s6 van dé mdé lién

quan can dugc tiép tuc nghién citu:

e Nghién cttu dang diéu tiem can (theo cach tiép can ciia li thuyét tap hat

hodc 1i thuyét én dinh) ctia mot s6 16p bao ham thiic vi phan véi tré bién
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thién hodc tré vo han cuing véi ciac van dé liéen quan nhu tinh chinh qui
cia nghiém, tinh tron clia tap hut, tinh 6n dinh trong thoi gian hitu han

cua nghiém.

e Nghién cttu sy ton tai clia cac 16p nghiém dic biet nhu nghiém tuan hoan,
déi tuan hoan, nghiém t6i wu ctia mot s6 16p bao ham thitc vi phan nita

tuyén tinh khong c6 cau tric da dien.



108

DANH MUC CONG TRINH KHOA HOC CUA TAC GIA
LIEN QUAN DEN LUAN AN

1) T.D. Ke and D. Lan (2014), Decay integral solutions for a class of impul-
sive fractional differential equations in Banach spaces, Fractional Calcu-

lus and Applied Analysis, Volume 17, Number 1, 96-121.

2) T.D. Ke and D. Lan (2014), Global attractor for a class of functional
differential inclusions with Hille-Yosida operators, Nonlinear Analysis:

Theory, Methods and Applications, Volume 103, 72-86

3) T.D. Ke and D. Lan, Generalized Cauchy problem governed by fractional

differential inclusions on the half-line, submitted

4) T.D. Ke and D. Lan, Existence of anti-periodic solutions for a class of

polytope differential inclusions with Hille-Yosida operators, submitted



1]

[7]

109

Tai liéu tham khao

M. Adimy, H. Bouzahir and K. Ezzinbi (2002), Local existence and sta-
bility for some partial functional differential equations with infinite delay,

Nonlinear Anal. 48, 323-348.

S. Adly and L.B. Khiet (2014), Stability and invariance results for a class
of non-monotone set-valued Lur’e dynamical systems, Appl. Anal. 93, no.

5, 1087-1105.

R.R. Akhmerov, M.I. Kamenskii, A.S. Potapov, A.E. Rodkina and B.N.
Sadovskii (1992), Measures of Noncompactness and Condensing Opera-

tors, Birkhauser, Boston-Basel-Berlin.

M. Alia and K. Ezzinbi (2008), Strong solutions for some nonlinear partial
functional differential equations with infinite delay, Flectron. J. Differen-

tial Equations 91, 1-19.

C.T. Anh and T.D. Ke (2014), On nonlocal problems for retarded frac-
tional differential equations in Banach spaces, Fized Point Theory 15,

No.2, 373-392.

Anthony W. Knapp (2005), Basic Real Analysis, Birkhduser, Boston-

Basel-Berlin.

W. Arendt (1987), Resolvent positive operators, Proc. Lond. Math. Soc.
(3) 54 (2), 321-349.



8]

[10]

[11]

[12]

[14]

[15]

[16]

[17]

110

W. Arendt, C.J.K. Batty, M. Hieber and F. Neubrander (2001), Vector-
valued Laplace Transforms and Cauchy Problems, in: Monographs in

Mathematics, vol. 96, Birkhauser Verlag, Basel.

J.P. Aubin and A. Cellina (1984), Differential Inclusions. Set-valued Maps
and Viability Theory, Springer-Verlag, Berlin.

J. M. Ayerbe Toledano, T. Dominguez Benavides and G. Loépez Acedo
(1997), Measures of noncompactness in metric fixed point theory. Operator

Theory: Advances and Applications, 99. Birkhduser Verlag, Basel.

J.M. Ball (1997), Continuity properties and global attractor of generalized
semiflows and the Navier-Stokes equations, J. Nonlinear Sci. 7, 475-502.

J.M. Ball (2004), Global attractor for damped semilinear wave equations,
Discrete Contin. Dyn. Syst. 10, 31-52.

M.T. Batchelor, R.J. Baxter, M.J. O’Rourke and C.M. Yung (1995), Exact
solution and interfacial tension of the six-vertex model with anti-periodic

boundary conditions, Journal of Physics A: Math. Theo. 28, 2759-2770.

M. Benchohra, J. Henderson and S. Ntouyas (2006), Impulsive Differ-
ential Equations and Inclusions, in: Contemporary Mathematics and its

Applications, Vol. 2. Hindawi, New York.

H. Brezis (2011), Functional Analysis, Sobolev Spaces and Partial Differ-

ential FEquations, Universitext. Springer, New York.

L.L. Bonilla and F.J. Higuera (1995), The onset and end of the Gunn
effect in extrinsic semiconductors, SIAM J. Appl. Math. 55, 1625-1649

D. Bothe (1998), Multivalued perturbations of m-accretive differential in-
clusions, Israel J. Math 108, 109-138.



18]

[19]

[20]

21]

23]

24]

[25]

[26]

111

H. Bouzahir, H. You and R. Yuan (2011), Global attractor for some partial
functional differential equations with infinite delays, Funkcialaj Fkvacioj

54, 139-156.

T.A. Burton (2006), Stability by Fixed Point Theory for Functional Dif-

ferential Equations, Dover Publications, New York.

L. Byszewski (1991), Theorems about the existence and uniqueness of
solutions of a semilinear evolution nonlocal Cauchy problem, J. Math.

Anal. Appl. 162, 494-505.

T. Caraballo and P. E. Kloeden (2009), Non-autonomous attractor for
integro-differential evolution equations, Discrete Contin. Dyn. Syst. Ser.

S 2, 17-36.

T. Caraballo, P. Marin-Rubio and J.C. Robinson (2003), A comparision
between to theories for multi-valued semiflows and their asymptotic be-

haviour, Set- Valued Analysis 11, 297-322.

T. Caraballo, M. J. Garrido-Atienza, B. Schmalfuss and J. Valero (2008),
Non-autonomous and random attractors for delay random semilinear

equations without uniqueness, Discrete Contin. Dyn. Syst. 21, 415-443.

T. Caraballo, J. A. Langa, V. S. Melnik and J. Valero(2003), Pullback
attractors of nonautonomous and stochastic multivalued dynamical sys-

tems, Set-Valued Analysis 11, 153-201.

A. Cernea (2012), On the existence of mild solutions for nonconvex frac-

tional semilinear differential inclusions, Electron. J. Qual. Theory Differ.

Equ. 64, 1-15.

N.M. Chuong and T.D. Ke (2012), Generalized Cauchy problem involving

nonlocal and impulsive conditions, J. Evol. Equ. 12, 367-392.



[27]

28]

[29]

[30]

[31]

32]

33]

[34]

112

V.V. Chepyzhov and M.I. Vishik (2002), Attractors for Equations of Math-
ematics Physics, American Mathematical Society Colloquium Publica-

tions, Vol. 49, American Mathematical Society, Providence.

V.V. Chepyzhov and M.I. Vishik (1997), Evolution equations and their
trajectory attractors, J. Math. Pures Appl. 76, 913-964.

Y. Chen, D. O’Regan and R.P. Agarwal (2012), Anti-periodic solutions for
semilinear evolution equations in Banach spaces, J. Appl. Math. Comput.

38, 63-70.

M. Coti Zelati and P. Kalita (2015), Minimality properties of set-valued
processes and their pullback attractors, SIAM J. Math. Anal. 47, 1530-
1561.

G. Da Prato and E. Sinestrari (1987), Differential Operators with Non-
Dense Domain, Ann. Sc. Norm. Pisa. 14, 285-344.

K. Deimling (1992), Multivalued differential equations, Walter de Gruyter
& Co., Berlin.

J. Diestel, W. M. Ruess and W. Schachermayer (1993), Weak compactness
in L'(u, X), Proc. Amer. Math. Soc. 118, 447-453.

K.-J. Engel and R. Nagel (2000), One-parameter Semigroups for Lin-
ear Evolution Equations, with contributions by S. Brendle, M. Campiti,
T. Hahn, G. Metafune, G. Nickel, D. Pallara, C. Perazzoli, A. Rhandi,
S. Romanelli and R. Schnaubelt. Graduate Texts in Mathematics, 194.

Springer-Verlag, New York.

K. Ezzinbi and S. Lalaoui Rhali (2003), Positivity and stability for some
partial functional differential equations, NoDFEA Nonlinear Differential
Equations Appl. 10, 15-32.



[36]

37]

38]

[41]

[42]

[43]

[44]

113

A. F. Filippov (1988), Differential Equations with Discontinuous Right-
hand Sides, translated from the Russian. Mathematics and its Applica-

tions (Soviet Series), Kluwer Academic Publishers Group, Dordrecht.

L. Gorniewicz and M. Lassonde (1994), Approximation and fixed points
for compositions of Rs-maps, Topology Appl. 55 (3), 239-250.

A. Haraux (1989), Anti-periodic solutions of some nonlinear evolution

equations, Manuscripta Math. 63, 479-505.

L. Hormander (1960), Estimates for translation invariance operators in

LP spaces, Acta Math. 104, 93-139.

S. Ji and S. Wen (2010), Nonlocal Cauchy Problem for Impulsive Differ-
ential Equations in Banach Spaces, Int. J. Nonlinear Sci. 10, 88-95.

P. Kalita and G. Lukaszewicz (2014), Global attractors for multivalued

semiflows with weak continuity properties, Nonlinear Anal. 101, 124-143.

M. Kamenskii, V. Obukhovskii and P. Zecca (2001), Condensing Multi-
valued Maps and Semilinear Differential Inclusions in Banach Spaces, in:
de Gruyter Series in Nonlinear Analysis and Applications, vol. 7, Walter

de Gruyter, Berlin, New York.

H. Kellerman and M. Hieber (1989), Integrated semigroup, J. Funct. Anal.
84, 160-180.

A A. Kilbas, H.M. Srivastava and J.J. Trujillo (2006), Theory and Appli-

cations of Fractional Differential Equations, Elsevier, Amsterdam.

D.S. Kulshreshtha, J.Q. Liang and H.J.W. Muller-Kirsten (1993), Fluc-
tuation equations about classical field configurations and supersymmetric

quantum mechanics, Ann. Physics. 225, 191-211.



[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

114

V. Lakshmikantham, D.D. Bainov and P. S. Simeonov (1989), Theory
of impulsive differential equations, World Scientific Publishing Co., Inc.,
Teaneck, NJ.

J.H. Liu (2003), A remark on the mild solutions of non-local evolution

equations, Semigroup Forum 66, 63-67.

H. Liu and J.-C. Chang (2009), Existence for a class of partial differential

equations with nonlocal conditions, Nonlinear Anal. 70, 3076-3083.

Z.H. Liu (2010), Anti-periodic solutions to nonlinear evolution equations,

J. Funct. Anal. 258, 2026-2033.

Q. Liu (2011), Existence of anti-peroidic mild solution for semilinear evo-

lution equation, J. Math. Anal. Appl. 377 (1), 110-120.

JH. Liu et al (2015), Existence of anti-periodic mild solutions to
semilinear nonautonomous evolution equations, J. Math. Anal. Appl.,

http://dx.doi.org/10.1016/j.jmaa.2014.12.043

V.S. Melnik and J. Valero (1998), On attractors of multivalued semi-flows
and differential inclusions, Set-Valued Analysis 6, 83-111.

V.S. Melnik and J. Valero (2000), On global attractors of multivalued
semiprocesses and nonautonomous evolution inclusions, Set- Valued Anal-

ysis 8, 375-403.

K. S. Miller and B. Ross (1993), An Introduction to the Fractional Calculus
and Fractional Differential Equations, A Wiley-Interscience Publication.

John Wiley & Sons, Inc., New York.

F. Neubrander (1988), Integrated semigroups and their applications to
the abstract Cauchy problem, Pacific J. Math. 135 (1), 111-155.



[56]

[57]

[58]

[59]

[62]

115

G.M. N’Guérékata and V. Valmorin (2012), Antiperiodic solutions of semi-
linear integrodifferential equations in Banach spaces, Appl. Math. Com-

put. 218, 11118-11124.

G.M. N’Guérékata (2009), A Cauchy problem for some fractional abstract
differential equation with nonlocal conditions, Nonlinear Anal. 70, 1873-

1876.

P.H.A. Ngoc (2015), Novel criteria for exponential stability of nonlinear
differential systems with delay, IEEE Trans. Automat. Control. 60, no. 2,
485-490.

V. Obukhovskii and J.-C. Yao (2010), On impulsive functional differential
inclusions with Hille-Yosida operators in Banach spaces, Nonlinear Anal.

73, 1715-1728.

H. Okochi (1988), On the existence of periodic solutions to nonlinear

abstract parabolic equations, J. Math. Soc. Japan. 40, 541-553.

H. Okochi (1990), On the existence of anti-periodic solutions to a nonlinear
evolution equation associated with odd subdifferential operators, J. Funct.

Anal. 91, 246-258.

H. Okochi (1990), On the existence of anti-periodic solutions to nonlin-
ear parabolic equations in noncylindrical domains, Nonlinear Anal. 14,

771-783

A. Pazy (1983), Semigroups of Linear Operators and Applications to Par-
tial Differential Equations, Springer-Verlag, New York.

I. Podlubny (1999), Fractional Differential Equations. An Introduction to
Fractional Derivatives, Fractional Differential Equations, to Methods of
Thewr Solution and Some of Their Applications, Mathematics in Science

and Engineering. 198. Sandiego, CA: Academic Press.



[65]

[66]

68]

[69]

[71]

[72]

116

G. Raugel (2002), Global Attractors in Partial Differential Equations, In
Handbook of dynamical systems, Vol. 2, pp. 885-892, North - Holland,

Amsterdam.

R. Sakthivel, R. Ganesh and S.M. Anthoni (2013), Approximate controlla-
bility of fractional nonlinear differential inclusions, Appl. Math. Comput.

225, 708-717.

T.I. Seidman (1987), Invariance of the reachable set under nonlinear per-

turbations, SIAM J. Control Optim. 25 (5), 1173-1191.

R.Schnaubelt (2001), Asymptotically autonomous parabolic evolution
equations, J. Fvol. Equ. 1, 19-37.

H.B. Stewart (1974), Generation of analytic semigroups by strongly ellip-
tic operators, Trans. Amer. Math. Soc. 199, 141-162.

Horst R. Thieme (1990), Semiflows generated by Lipschitz perturbations
of non-densely defined operators, Differential Integral Equations 3(6),
1035-1066.

Horst R. Thieme (1990), Integrated semigroups and integrated solutions
to abstract cauchy problems, J. Math. Anal. Appl. 152, 416-447.

A. Tolstonogov (2000), Differential Inclusions in a Banach Space, Trans-
lated from the 1986 Russian original and revised by the author. Kluwer
Academic Publishers, Dordrecht.

J. Valero (2000), Finite and infinite-dimensional attractor of multivalued

reaction-diffusion equations, Acta Math. Hungar. 88:3, 239-258.

J. Valero (2001), Attractors of parabolic equations without uniqueness, J.

Dynam. Differential Equations. 13, 711-744.



[75]

[76]

[77]

[79]

[80]

[81]

82]

[83]

[84]

117

L.I. Vrabie (2003), Cy-semigroups and applications, North-Holland Math-
ematics Studies, 191. North-Holland Publishing Co., Amsterdam.

H. You and R. Yuan (2010), Global attractor for some partial functional
differential equations with finite delay, Nonlinear Anal. 72, 3566-3574.

W. Wang (2010), Generalized Hanalay inequality for stability of nonlinear
neutral functional differential equations, J. Ineq. Appl., ArtID 475019, 16

pages.
R. N. Wang, D.-H. Chena and T.-J. Xiao (2012), Abstract fractional

Cauchy problems with almost sectorial operators, J. Differential Equa-

tions 252, 202-235.

Y. Wang (2010), Antiperiodic solutions for dissipative evolution equations,

Mathematical and Computer Modelling 51, T15-721.

R.N. Wang, Q.M. Xiang and P.X. Zhu (2014), Existence and approxi-
mate controllability for systems governed by fractional delay evolution

inclusions, Optimization 63, 1191-1204.

R. N. Wang and Q. H. Ma (2014), Some new results for multi-valued
fractional evolution equations, Appl. Math. Comput. 257, 285-294.

R.N. Wang, P.X. Zhu and Q.H. Ma (2015), Multi-valued nonlinear pertur-
bations of time fractional evolution equations in Banach spaces, Nonlinear

Dyn. 80, 1745-1759.

Y. Zhou and F. Jiao (2010), Nonlocal Cauchy problem for fractional evo-
lution equations, Nonlinear Anal.: Real World Applications 11, 4465-4475.

Y. Zhou and F. Jiao (2010), Existence of mild solutions for fractional

neutral evolution equations, Comp. Math. Appl. 59 (2010), 1063-1077.



